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Hadron-hadron processes

® In hard hadron-hadron scattering, constituent partons from each incoming hadron interact at
short distance (large momentum transfer QQ).

It

® For hadron momenta Py, Py (S = 2Py - Py), form of cross section is

i

-¢ G

J

o(s) = Z/dwldazzD (21, 12D (w9, 12)635(5 = w1298, ag(u?), @%/u?)
7..7

where u2 is factorization scale and &ij is subprocess cross section for parton types %, j.

e Notice that factorization scale is in principle arbitrary: affects only what we call part of
subprocess or part of initial-state evolution (parton shower).

e Unlike ete™ or ep, we may have interaction between spectator partons, leading to soft
underlying event and/or multiple hard scattering.
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Factorization of the cross section

® Why does the factorization property hold and when it should fail?

® For a heuristic argument Consider the simplest hard process involving two hadrons

Hy(P1) + Ha(Pp) — V + X.

® Do the partons in hadron H1, through the influence of their colour fields, change the distribution
of partons in hadron Ho before the vector boson is produced? Soft gluons which are emitted
long before the collision are potentially troublesome.

® A simple model from classical electrodynamics. The vector potential due to an electromagnetic
current density J is given by
JH &

|Z — &

A (¢, 7)) = /dt’df’ St + |1z -3 | —1),

where the delta function provides the retarded behaviour required by causality.

— R.K.Ellis, Fermilab, February 2005 — 2



Consider a particle with charge e travelling in the positive z direction with constant velocity 3.
The non-zero components of the current density are

i 7y = es@ — 7)),
sy = eps ('), () =pt'z,

Z is a unit vector in the z direction. At an observation point (the supposed position of hadron
Ho) described by coordinates x, y and z, the vector potential (after performing the integrations
using the current density given above) is

Atz = o
o VIz? +y2 +42(8t — 2)?]
A, ®) = 0
AV, 2y = 0
A%(4, %) = 0

V2 +y2 +42(Bt — 2)?]

2

where v* =1/(1 — 62). Target hadron Ho is at rest near the origin, so that v ~ s/m2.
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® Note that for large v and fixed non-zero (8t — z) some components of the potential tend
to a constant independent of =, suggesting that there will be non-zero fields which are not in
coincidence with the arrival of the particle, even at high energy.

® However at large ~ the potential is a pure gauge piece, A* = 9y where x is a scalar function

Covariant formulation using the vector potential A has large fields which have no effect.
® For example, the electric field along the z direction is

A% Al —~
tz ey (Bt — 2)

E*(t, @) = F'% = —
(t, %) 3t+8z

=
[22 + y2 +72(8t — 2)2]2

The leading terms in -« cancel and the field strengths are of order 1/’y2 and hence of order
m4/s2. The model suggests the force experienced by a charge in the hadron H9, at any fixed

time before the arrival of the quark, decreases as m4/32.
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Parton luminosity

® parton luminosity is determined by the parton distribution functions, fi(ml,,u2) and

2
® the available centre-of-mass energy-squared of the parton-parton collision, §, is less than the

overall hadron-hadron collision energy, s, by a factor of x1x9 = 7.

® Define differential parton luminosities

= dxqd
TdT 1-|-5Z'j 0 r1ax9

X [(:clfi(:cl, uz) rofj(x2, uz)) + (1 « 2)]5(7‘ — x129).

case of identical partons.

® \We now assume that & depends only on s.

- 5 o2 o)

{ij} =70
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Lepton pair production

_|_

e — qq is Drell-Yan process.

® Inverse of e
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At O(a%), mass distribution of lepton pair is given by

dé 2

dM?2

B Vi% de"

1 2

+,— 2 A
) — Qg o(M7 - 3)

_ *
(@ =~ —

e Factor of 1/3 = 1/N instead of 3 = IN because of average over colours of incoming q.

>«\m + % + }vx + }\/\/
(a)
—=— N — —=— N
- _fR >
—=19Q0 —— OO0 —=—

(b) (c)

e In higher orders vertex corrections (a) have M2 = 3, gluon emission (b) and QCD Compton

(c) diagrams give M2 < s,
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® Rapidity of lepton pair in overall c.m. frame is

0
1 1
L (ﬁ)ﬂ) _ Ly (ﬂ)
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Yy =
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[ W:t production is similar, sensitive to different parton distributions, e.g. ud — VV+ — l+yl.
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Cross section calculations

® \We need an efficient way to calculate parton sub-processes.
® At a hadron collider many parton sub-processes can give similar signatures.

® A recent example from CDF from the top search shows events W + jets events with 1 tagged
Jet.
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D\, AR -
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g Bl \WWWZ,Z>tt
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g 3 Tot bkgd+ 1o .
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N YW :
5 ]
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p=} -
=2 —

2 3 = 4
Number of jets in W+jets
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Spinor techniques

® At a high energy collider we need the amplitudes for processes involving many final state particles.

The fermions involved in high energy processes can often be taken to be massless.

® For massless fermions helicity is a good quantum number. The left and right-handed fermions
are uncoupled.

® These techniques can be used for massive particles (although they are more cumbersome in that
case).

We choose an explicit representation for the gamma matrices. The Bjorken and Drell
representation is,

o _ (1 o0 i 0 ot 5 (0 1
7_0_1 7,)/_ _O_’LO 7,)/—107

The Weyl representation is more suitable at high energy

o_ (0 1 i (0 —of 5 (1 0
fy_ 10 7,')/_ O_’L O 7,')/ - 0_1 )

1 1 0 1 0 0
’Y+:§(1+’75) = (O 0) a’Y—:§(1—’Y5) = (O 1) )

In the Weyl representation upper and lower components have different helicities.
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® The massless spinors solns of Dirac eqn are

uy(p) = \/FGZSOp , u_(p) = \/pi—i@p ,

where 1 : 1 :
; + 4 + 4
e:l:zgop - p Lp _ P tp ’ p:l: _ pin _
VL2 + (02)2 ptp—

In this representation the Dirac conjugate spinors are

T (p) = ul (070 = [0,0, /T, \fp—ei¥p]
u_(p) = [\/piewP, —\/pT,O,O}

® Normalization
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Charge conjugation

In QED we have
((—HV“ + eA“)'yM — m)w =0

Taking the complex conjugate
((—N“ +eAt)yr — m)¢* —0
The equation satisfied by the charge conjugate state is

((—I—’iV'UJ — eA“)fyM — m) Pe =0

® The operation of charge conjugation is therefore given by

e = Oy

where the matrix C is determined up to a phase by the condition
(CY)yH* ()~ = -1,

0

® Since for our representation ~"~* *,YO = ~H T the defining condition on matrix C' can be

written 1 T
Cc~ ’Y“C — _,Y,UJ
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We choose the phase such that

C =

0 —10
0o -1 0 0
+1 0 0 0
0 0 0 +1
0 0 -1 0

® For free particle spinors we have that

v4(p) = CﬂjTE (p),

® For the special case of massless spinors and our choice of phase we find that

v (p) = CL(p) = uzg:(p)

so there are only two independent massless spinors.
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Introduce a bra and ket notation spinors corresponding to momenta p;, ¢« = 1, 2,..., n labelled
by the index %

i) = pF) = uslp) = v=(py),
= 0F = ule) = 7).

We define the basic spinor products by

(ig) = (715" =

5T = = pus (), Ul = @1 = app)u_(p)).
The helicity projection implies that products like (i T [57) vanish.
(i + j+) = (¢ — |j—) = (i5) = [i1] =0

(i7) = —(ji), [ij] = —[47]

We get explicit formulae for the spinor products valid for the case when both energies are
0 0

positive, p; >0, P >0
(ij) = /p; p;re PPi — pjp-e o= y/lsijle 7,
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. - +_—i90p- — + —ipp. —ih
ij] = fpipye T —y[pypie TP = —\[lsjjle TV

2
where s;,; = (p; + pj) = 2p; - pj, and

1 1 2 2
p; p;_ - pjp;i_ _ p; p—-i_ - pjp;-i_
COS gbm = y Sin gbm
I%jopj I%jopj

® The spinor products are, up to a phase, square roots of Lorentz products.

® The collinear limits of massless gauge amplitudes have square-root singularities; spinor products
lead to very compact analytic representations of gauge amplitudes.

® spinor products should have simple properties under crossing symmetry, i.e. for energies negative.
Define the spinor product (i j) by analytic continuation from the positive energy case, but with

p; replaced by —p; if pg < 0, and similarly for pji and with an extra multiplicative factor of ¢
for each negative energy particle. We define [ j] through the identity

gyl =Gl G = Te(3( - 45)##)) = 2p; - pj = 544
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We also have the following identities which are useful to manipulate the spinor products

)

M | i

- 2pi’

P — L0+ 5y

(ij)" = —sign(i - j)[ij] = sign(i - 5)[i]
2 c oy ek o
|G = () (i)™ = 2[i - j| = [s45]
(ig)[75] =21 -J = s45
We have the charge conjugation relations
(0 [vpq - -’Yu2n+1|ji> ={F |’Yu2n+1 Y [P

(0 £ vy o ldF) = =G £ lvpgy, - Yuq 1)
By explicit construction we can prove the identity

Yk — | = k)G — | = (ki) S (1 +5)

which can be used to prove a relation which is extremely useful to simplify analytic results.

(i) (kL) = (il)(kg) + (ik)(5l)
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From the Fierz transformation (y4 = %(1 + v5)).

(v )ig © (vt = 2000k ® (=)

we can prove the simple relation
(i + lypli+) (k= Y |1=) = 2(kj)[il].
So that we also have the identity valid for massless spinors only
(i £ [YH]5%) v

(i £ Y1) ypve + GF VT e+

= 2|[EFUFI+IEEE]
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Examples from W production

As an example of the use of spinor techniques we will consider the production of a vector boson.
For the process

e -V
<€ <€

u <-d

d(pg) + @(pu) — e (pe) + v(pv) ,
where the momentum labels are indicated in brackets,

. 2

_/Lg .. 1
M = — 5% (u — [ypld=) (e — 4"y =) ———5-
Sey — MW

and 912/1/ = 4\/§GFMI%[/' sev = (pe +p1/)2,
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Using the Fierz and Charge conjugation identities

1

Ser _M%/ .

M = —ig%/[/c;ij[dy](ue)

Notice how all the gamma-matrix algebra has just collapsed; there is nothing left. Squaring the
amplitude and averaging over initial colours and spins we obtain the simple result

- 2
~ — .2 1 4 2 (u-e)
E IM(du — e D)] = _9W|Vud|
’ (sev — M,)2 + M, T,

If we define 8™ to be the e+ polar angle of emission in the W+ rest frame, measured with
respect to the direction of the incident p, and if we assume that all incoming quarks (antiquarks)
are constituents of the proton (antiproton), then for the above matrix elements we have

4
M
(uw - 8)2 = W (1 + cos 9*)2 :
16
There is a simple angular momentum argument for this. The W couples to negative helicity
fermions and positive helicity antifermions. Angular momentum conservation therefore requires
the outgoing fermion (electron) to preferentially follow the direction of the incoming fermion

(quark), which is usually the direction of the incoming proton.
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Figure 1: Lepton asymmetry as measured by the CDF collaboration

The asymmetry is controlled both by the matrix element and by the parton distributions.
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Polarization vectors

We can introduce a representation of the polarization vectors in terms of the spinors. In terms
of the momentum p of the gluon and an arbitrary gauge vector b such that p - b % 0 we have

= _ (pE yuldE)
p o0 = B o)
Hence we have that
o by e VE[I b=+ b e+ ]
o by VE[lR e+ |+ =) — ]

The polarization vectors are orthogonal to both p and to b.

cEHp,b)e *(p,b) = —1, e F(p,b)ef *(p,b) =0
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W + g production

We shall now calculate the matrix element with an additional gluon d + 4 — e 4+ v + g

e 4 e -V

u( utg -d u —d—g( —d

Leaving out a common overall factor of

(sev — M%/)

the matrix element for two diagrams is

M ~ {(u = |7 + f)7H1d—) — (u— Y (d+ g)Ad-)

b ;}
[gul{ug) [gd](dg)

x e —lwulv=)
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Using the Fierz and Charge conjugation identities

[vd] (ue)
M~ 2{ (= |+ et = o+ [+ DAd=) ]
Choose the positive helicity for the emitted gluon
7= %ug—w — |+ b+ g + 1)
where b is an arbitrary gauge vector chosen to suit our convenience. Then the expression
becomes,
Mo 2 g 00+ Dlen) D — (ug)we) v+ [0+ Do)
<ug>?f> oy L (b dg) e lvd] — Gug)Cue) (vl (de) + [vgl(gb)) }

Using the Schouten identity we may write

(ub)(dg) — (ug)(db) = (ud)(bg)
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D~ 22D L)+ (g
M o) 4oy 1w + ug) gl |
_2\/§(ue>2[l/e] }

(ug)(dg)

where we have used momentum conservation to obtain the last result. The final result is
independent of the choice of the gauge vector b.

® Note that this result could have been obtained far more simply by setting b = w..

® In this case the whole result, including the singularity when w - g = 0, would have come from
the second graph.

® The corresponding result for the negative helicity is

2\/§[yd]2(ye> }

(-)
M fuglldg]
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® These results make it clear why spinor techniques are so efficient for QED/QCD.

® Real physical amplitudes contain square root singularities in the region of collinear emission
which are compactly described by spinor products.

Restoring the overall factors and squaring and summing (averaging) over final (initial) colours
and spins we obtain,

V-e[(u-e)2—|—(d-y)2]

[((e—l—y)z—M%/)Q—I—M%/F%V]u-gd-g}

4 2
o 9w9 Cp 2
> _IM| :WT|Vud| {

where N = 3 is the number of colours.
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W and Z transverse momentum distributions

® most W and Z bosons (collectively denoted by V') are produced with relatively little transverse
momentum, i.e. pp K MV' However, part of the total cross section corresponds to the
production of large transverse momentum bosons. The relevant mechanisms are the 2 — 2
processes qq¢ — V g and qg — Vq.

- 2 2 2 2 2
Smed —Woz o Sy, 28 0 E T 2y
16 9" 9 tu ’
- 2 2 2 2 2
Z|M9q—>Wq/|2 — MH/ /|2£ ST uT 2t My
16 99" " 3 —Ssu ’

with similar results for the Z boson. The transverse momentum distributions da/dp% are
obtained by convoluting these matrix elements with parton distributions in the usual way.
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® Data on the pp distribution of the W boson compared with the next-to-leading-order QCD
prediction.
The poles at t = 0 and v = 0 in the matrix elements cause the leading-order theoretical cross
section to diverge as p» — 0. The leading behaviour at small p» comes from the emission of
a soft (k# — 0) gluon in the process qg — V g. Schematically (with M = My or M )

R 2, 2
do In(M*/p7) 1
3 = 28 A——T B o +Cwp) | .
P P P
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where A and B are calculable coefficients and C' is an integrable function.

Virtual corrections to qg — V' only contribute at p» = 0, i.e. dav/dp% x 5(p%), and
their contribution to the differential distribution essentially introduces a ‘plus prescription’ on
the singular parts of the gluon emission cross section:

R+V 2, 2
do In(M*/p7) 1 —
T2 o8 Al =T 4B 5| +C07) |
b b + bl
such that the integrated contribution is finite,1
R+V
2 do 2
/de 5— = Qg /de C(p7)
P

An important ingredient missing from the above derivation is the non-perturbative contribution
to the p distribution. At very small p, the intrinsic transverse motion of the quarks and gluons
inside the colliding hadrons cannot be neglected. This non-perturbative contribution has to be
combined with the perturbative large pp tail. A simple convolution in transverse-momentum
space of the perturbative distribution with non-perturbative intrinsic k- distributions is one
method of doing this.

LRecall that [ da[f(z)]4 = 0.
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For p > (k) a purely perturbative approach should be adequate. However, if at the same
time pp < M then higher-order terms in the perturbation series cannot be neglected. In
particular, the emission of multiple soft gluons becomes important and the leading contributions

at each order have the form

1 do L, 1M2 ) 213M2
sz |Aresthop T oAes i em e
T P P P
2
1M
P

where the A; are calculable coefficients of order unity. The higher-order terms in the series are

evidently important when
2

o M
b
Taking into account the relative magnitude of the Ap coefficients, this corresponds to pp

values less than 10 — 15 GeV.
Indeed the resummed double leading logarithms give

2
1 d d M
7~ exp —a—SC’F 1n2— ,
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which vanishes at p» = 0.

® the production of a W or Z boson with p» & 0 does not require that all emitted gluons are
soft, merely that their vector transverse momentum sum is small.

® the double-leading-logarithm result omits contributions from the multiple emission of soft gluons
with kp; ~ ppand >, kp; = prp. Such additional contributions “fill in" the dip at pp» ~ 0.
A more complete analysis of the small pp distribution requires proper treatment of transverse
momentum conservation in multiple gluon emission. This is achieved by introducing the
two-dimensional impact parameter vector b, which is the Fourier conjugate of prp, and writing

/d2b e—zb~pT H ezkaz-
=1

B 1
 (2m)2

n

s (3 Fpy - pr :
i=1

for the emission of n soft gluons. The Sudakov form factor then appears in b-space after

resumming large ln(b2M2) logarithms.

® 3 complete formalism has been developed for taking account of all large 1n(M2/p%) logarithms
in the perturbation series at small pp. In particular, the result for the small pp(Z) distribution
is

d =1 o
T~ Yol 5/ db b Jo(bpp) exp(—S(b, M)
0
q

dp%
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! M7 2 2
/o day dzg d(xyr — —=) [Q(wp (bg/6)7) a(z2, (bg/b)™) + (q d)] :

where

q 2,2 2
od? = nV2G Mz (Vg + Ag)/(3s)
and bg = 2exp(—vg) (yg = 0.5772. .. is the Euler constant). The Sudakov form factor

in b-space is exp(—.S) where

Q2 2 2
S, Q) = /(b /b);% llnf—zA(as(qz))ﬂLB(as(q%)] :
0
A(O‘S) — Z (Z_;f) A(n),
n=1
Blag) = Y. (Z-f) B(")
n=1

The A(™) and B(™) coefficients for n = 1, 2 have been calculated.
The smaII—pT distribution can, in principle, be used as a test of the resummed QCD perturbation
series. In practice, however, there are some difficulties — for example, some non-perturbative
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cut-off or smearing must be included to make the b integral converge at large b and to
avoid infra-red problems from evaluating avg and the parton distributions at low scales. This
introduces a significant theoretical uncertainty.

® The theoretical prediction incorporates both the resummed higher-order contributions at small
pT. and the exact next-to-leading-order correction at large pp.
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W mass measurement

® In the rest frame of the decaying W, the energy of the charged lepton is My, /2. It can be
used to measure the VW mass.

® (ransverse momentum of the electron, also carries information on MW'

® in the W rest frame the angular distribution of the electron is

1 do

3 2
o dcos0* - §(1+COS 6*)7

® |If the W has zero transverse momentum

1
2 2
4p
cos0F = 1— ge ,
My,
so that
2 —1 2
1 do 3 4pTe 2 2PT€
o2 T o2\ YTz 1=—5
o dpp, My My, My,

® The distribution is strongly peaked at pp, = My /2 (the Jacobian peak)
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® to include the missing (i.e. neutrino) transverse momentum define the transverse mass

2
M7 = 2|ppllpr,|(1 — cos Ager) .

At leading order (i.e. q(j/ — W — ev) and in the absence of any quark transverse momentum,
we have |pp,| = [pp,| = p*, Aper = m, and so M = 2|pel. The transverse mass
distribution therefore also has a Jacobian peak, at MT = MW'

® the transverse mass distribution is that it is less sensitive to the transverse momentum (pgy) of

the W boson. If pqw is small, the transverse momenta of the leptons in the laboratory and W
centre-of-mass frames are related by a simple Galilean transformation:

o « 1 W
o « 1 W
w

It is straightforward to show that, to leading order in 2 the transverse mass is unchanged
by such a transformation.
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Results on W +jets

® One of the most important Standard Model processes in high-energy hadron-hadron collisions is
the production of a W or Z with accompanying hadronic (i.e. quark or gluon) jets.

® Most ‘new physics’ processes, for example the production of heavy quarks, Higgs bosons and
supersymmetric particles, can be mimicked by the production of vector bosons in association
with jets.

® decompose the total W cross section into its multijet components:

W = OW+0j T oW1 tow 25 T ow3; T

where, schematically,

Uw_|_0j = a0+asa1—|—a%a2—|—...
2
UW—I—lj = O‘Sb1+a5‘b2+---
2
oW 425 = oageg + ...
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® The a;,b;,c;, ... coefficients in these expansions are in general functions of the jet-definition
parameters, in particular the cone size used to cluster the partons into jets, and the transverse
momentum, rapidity and separation cuts imposed on the jets/clusters.

® The leading contributions to the cross sections, ag, by, cg, ..., can be calculated from the
matrix elements for the ‘tree-level’ parton processes:
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Next-to-leading-order corrections are at present
known only for the W +0, 1 and 2 jet production
cross sections

NLO results for W production at LHC,
showing improved stability under variations
of the renormalization and factorization scale.
Corrections are sometimes large.
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Results on Z + jet production

® A similar pattern in the p dependence forZ production

1200 T T
pp~ete +X
1000 NLO
= ———— =
2 800 -7 1o
o -
800
/
400 L
400 T T T T T
- .
ppre e j+X pp~e e jj+X
300 &’
S | T - -
& 200 LO
b See NLO
100 .
LO
0 . .
0 50 100 150 200 50 100 150 200
w [GeV] u [GeV]

— R.K.Ellis, Fermilab, February 2005 —



Recap

® Hard processes can be calculated using a factorized form, with parton distribution functions and
short distance cross sections.

® Parton luminosities often control the size of cross sections.

® Spinor techniques give compact answers for QCD amplitudes, because QCD amplitudes contain
square root singularities.

® W transverse momentum distribution requires resummation of multi-gluon emission.

® NLO predictions are only available for a limited number of background processes. There is much
work to be done.
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