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Hard scattering cross sections

B Multiplicity growth with angular ordering
B Hadron-hadron processes and factorization

B W production
* DY cross section
* Subtraction method

B W + jet production
B Combining NLO corrections and parton showers

Collider PhysicsLecture 1V: W and Z production at NLO — p.3/35



Multiplicity growth

Di(z,t) = Di(x to)+2/ dz / W AS b (o) D ()2, 1) |

ot 2m

or in differential form

t—D (z,t) = / %O‘—Spﬂ(z as)Dj(z/z, 22t) .

Notice that this differs from the conventional evolution equation only in the z-dependent
change of scale on the right-hand side.

consider first the solution of taking a.g fixed and neglecting the sum over different
branchings. Then we have

0 1 . -
t2D(j,t) = 25 / dz 27 =1 P(2)D(j, 22t) .
ot 21 J 4,
B we try a solution of the form

D(j,t) o t7Gexs)
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Resummed anomalous dimension

B we find that the anomalous dimension (3, ag) must satisfy the implicit equation

1 . .
’7(]7 st) = 3—5/0 dz ZJ_1+2’7(‘7’O‘S)P(Z) )

Caag 1
jg— 1+ 2799(% Oés)

Yag(J, s) =

YoaUrs) = [\/<j—1>2+ e —<j—1>]

4
Caag 1
_ — (-1
o 4(9 )+

B at any fixed 5 # 1 we can expand in a different way for sufficiently small a.g

+ ...

. o Caag 1 Caag 2 1
’Ygg(],OéS)— >—2 (

-1 m j—1)°

This series displays the terms that are most singular as ;7 — 1 in each order.
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<n>

Multiplicity growth I1

B we can introduce running o by writing

D(.]? t) ~ tfygg(j’aS) = eXp |:ft 799 (.]7 ag

at’
t/

|

B we replace v44 (4, as) in the integrand by 44 (7, as(t')).

/t Yag(J, as(t")

dt'

-/

t/
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Hadron-hadron processes

M In hard hadron-hadron scattering, constituent partons from each incoming hadron
interact at short distance (large momentum transfer Q2).

@it

L
B For hadron momenta Py, P> (S = 2P, - P,), form of cross section is

o(S) = Z/dajleUQDi(xl,/JJQ)Dj($2,/JJ2)0A'z’j(<§:37137257 as(p?), Q% /u?)
2]

where 2 is factorization scale and 4, is subprocess cross section for parton
types 1, .
* Notice that factorization scale is in principle arbitrary: affects only what we call
part of subprocess or part of initial-state evolution (parton shower).

x Unlike eTe™ or ep, we may have interaction between spectator partons,
leading to soft underlying event and/or multiple hard scattering.
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Factorization of the cross section

B Why does the factorization property hold and when it should fail?
B For a heuristic argument Consider the simplest hard process involving two hadrons

Hl(Pl) + HQ(PQ) — V + X.

B Do the partons in hadron Hy, through the influence of their colour fields, change
the distribution of partons in hadron Hs before the vector boson is produced? Soft
gluons which are emitted long before the collision are potentially troublesome.

B A simple model from classical electrodynamics. The vector potential due to an
electromagnetic current density J is given by

Jh(F)

T — |

AH(t,T) = /dt’df’ St + 12— —t),

where the delta function provides the retarded behaviour required by causality.
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B Consider a particle with charge e travelling in the positive z direction with constant
velocity 3. The non-zero components of the current density are

JHE,F) = ed(@ — (),
JIE) = eBs(@ —7t), T(t') =B’z

Z is a unit vector in the z direction. At an observation point (the supposed position
of hadron H») described by coordinates x, y and z, the vector potential (either
performing the integrations using the current density given above, or by Lorentz
transformation of the scalar potential in the rest frame of the particle) is

At(t.3) = i
G5 = P 42 (B = )]
AT(LF) = 0
AY(LE) = 0
A*(4,F) = €10

V[z? +y2 +42(8t — 2)?]’

where v2 = 1/(1 — 32?). Target hadron Hs is at rest near the origin, so that
v~ s/m?2.
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B Note that for large ~ and fixed non-zero (3t — z) some components of the potential
tend to a constant independent of ~, suggesting that there will be non-zero fields
which are not in coincidence with the arrival of the particle, even at high energy.

B However at large ~ the potential is a pure gauge piece, A* = 9"y where x is a
scalar function

B Covariant formulation using the vector potential A has large fields which have no
effect.

B For example, the electric field along the z direction is

B (t,7) = itz 0A*? n OAt _ ev(Pt — z)

ot 0z (22 + y2 + 72 (Bt — 2)2]% '

The leading terms in ~ cancel and the field strengths are of order 1/~42? and hence
of order m*/s2. The model suggests the force experienced by a charge in the
hadron Hs, at any fixed time before the arrival of the quark, decreases as m*/s2.
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Lepton-pair production

B Mechanism for Lepton
pair production,
W -production,
Z-production,
Vector-boson pairs, ...

B Collectively known as the
Drell-Yan process.

B Colour average 1/N.

dé
dQ?

= % Qg §(5 —Q?), oo = cf eTe™ annihilation.

In the CM frame of the two hadrons, the momenta of the incoming partons are

NG

S
p1 = 7(x1,0,0,x1), po = %—(xz,0,0,—xz) :
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The square of the gq collision energy s is related to the overall hadron-hadron collision
energy by 5§ = (p1 + p2)? = x1x2s. The parton-model cross section for this process is:

do do

1
_ - - - +—
dM2 /0 dr1dzs ; {fq(z1)fq(z2) + (¢ < @)} AN 2 (qg — 1T17)
1
o0 dx1 dxo _
= [T 1) | 37 Q2 {fala) falan) + (g @)}
sJo T1 X2 7
H . . Q2 Q2
B For later convenience we have introduced the variable z = = Tiaas

B The sum here is over quarks only and the gq contributions are indicated explicitly.
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Next-to-leading order

>\/\m + }/\N + EAA/ + }/\/\,
(a)
- AYAY — —=
W I
— 100 — T L=

(b) (c)

B The contribution of the real diagrams (in four dimensions) is

(F5) 3+

(M| ~ g*Cp

U t 2025
P @ ]:ch

U ut

where z = Q?/s,s +t +u = Q2.

B Note that the real diagrams contain collinear singularities, v — 0,t — 0 and soft
singularities, z — 1.

B The coefficient of the divergence is the unregulated branching probability ﬁqq(z).

M Ignore for simplicity the diagrams with incoming gluons.
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B Control the divergences by continuing the dimensionality of space-time,
d = 4 — 2e, (technically this is dimensional reduction). Performing the phase space
integration, the total contribution of the real diagrams is

2 €
orn = XSo[F) .
R or P\ gz | T

_ 2(1—2)—|—4(l+22)[

2 3 x? 2
(6—2 +to- ?)5(1 —z) - Zqu(Z)

In(1 — 2) 1+ 22
1— 2z ]+_2(1—z) lnz]

with cr = (47)¢/T'(1 — €).
B The contribution of the virtual diagrams is

2 €
. s H / 2 3 2
av—5(1—z) 1+§CF<@> CF(—€—2—2—6—|—7T)

¢ = cr + O(e3)
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B Adding it up we get in dim-reduction

2\ © 2
OR+V = ;—;S;CF(%) cr [(2%—6)5(1—2)— %qu(z)—Q(l—z)

+ 41+ 22) [%] L2 (11+_Z22> In z]

B The divergences, proportional to the branching probability , are universal.

B We will factorize them into the parton distributions. We perform the mass
factorization by subtracting the counterterm

27 €

295 o [_CF Pog(z) — (1 —2) +6(1 — z)]

(The finite terms are necessary to get us to the M S-scheme).

. Qg 272 o\ [In(1 — 2) 1+ 22 Q"
o= gCF [(T—8>5(1—z)—|—4(1—|—z )[ s L_ 2(1 ) In 24+2P,4(2) In 2

B Similar correction for incoming gluons.
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Application to W, Z production

3\‘\\\\‘\\\\‘\\\\‘\ '3\‘\\\\\\\\\\\\‘\
47-CDP(19952005)E | i )
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B Agreement with NLO theory is good.
B O curves lie about 25% too low.

B NNLO results are also known and lead to a further modest (4%) ncrease at the
Tevatron.
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General calculational method for NLO

B Direct integration is good for the total cross section, but for differential distributions,
(to which we want to apply cuts), we need a Monte Carlo method.

B We use a general subtraction procedure at NLO.
B at NLO the cross section for two initial partons a and b and for m outgoing partons,

IS given by
LO NLO
Oab = Ogp —+ Oab
where
LO _
o = / doB b
m
NLO L \%
Oab - / do_ab+/ do Oab
m-+1

the singular parts of the QCD matrix elements for real emission, corresponding to
soft and collinear emission can be isolated in a process independent manner
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Calculational method (cont)

B One can use this the construct a set of counterterms

wd:§;/

ct Ym

w3®/mg
1

where do® denotes the appropriate colour and spin projection of the Born-level
cross section, and the counter-terms are independent of the details of the process
under consideration.

B these counterterm cancel all non-integrable singularities in dof, so that one can

write
o= [ ok~ dogi)+ [ doth+ [ asl,
m-+1 m-+1 m

The phase space integration in the first term can be performed numerically in four
dimensions.
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Matrix element counter-event for V' production

1 Ps3 1 Ps
900 Ps
w
W lo00 Ps
Pz P4 Pz P4

In the soft limit p5 — 0 we have

P1 - P2
P1 - D5 P2 - P5

| M1 (p1,p2,p3,p4a,05)|* = g°CF | Mo (p1, p2,p3,p4)|?

B Eikonal factor can be associated with radiation from a given leg by partial
fractioning

p1 - P2 = p1 - P2 I 1 n 1
P1 - P5 P2 * P5 P1L-P5+pP2-P5 P1°-P5 P2 -DP5

B including the collinear contributions, singular as p1 - p5 — 0, the matrix element for
the counter event has the structure

92

|M1(p17p27p37p47p5)|2 — —quJ(ma)lMO(mapl>p271537]54)|2
ZLaP1 * P5

where 1 — 24 = (p1 - p5 +p2 - p5)/p1 - p2 and Pyq(za) = Cp(1 +22)/(1 — )
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Subtraction method for NLO

W For event q(p1) 4 4(p2) — W (v(p3) + €T (pa)) + g(ps) With p1 +p2 = 375 ps
B generate a counter event g(zop1) + @(p2) — W (v(p3) + et (ps)) and
TaPl + D2 = > i_aDi With 1 — 24 = (p1 - 5 + P2 - P5)/P1 - D2
B A Lorentz transformation is performed on all j final state momenta
pj = Aup},j = 3,4 such that p; — p/; for p5 collinear or soft.
B The longitudinal momentum of p5 is absorbed by rescaling with =.

B The other components of the momentum, p5 are absorbed by the Lorentz
transformation.

B In terms of these variables the phase space has a convolution structure,

1
do® (p1, p2; p3,pa, Ps5) :/ dz dp'?) (ps, xp1; p3,pa)dps (p1, D2, )]
0

where
dps

oy (PRO@)O(1 — 2)5(z — za)

[dps (p1, P2, Ta)] =
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M If k; is the emitted parton, and p., pp are the incoming momenta, define the shifted
momenta

where the momenta K* and K* are,

Kt =ply +p, —p; K" =p,; +p, -

7

W Since2)" k- K =2K2and2Y"  k; - (K + K) =2K? 4+ 2K - K = (K + K)?
the momentum conservation constraint in the m + 1-parton matrix

ph4+p) —> ki —pl'=0 .
j

implies
~ Y T
Dhs +ph — D ki =0
J
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B Note also that the shifted momenta can be rewritten in the following way:

~

7 _ 1> v
RE o= AR(KR)RY

. 2K + K)MK + K), 2KM*K,
AMV(K7K) — g'ul/ o ( i ) (~ i ) + )
(K + K)? K

B the matrix A", (K, f{) generates a proper Lorentz transformation on the final-state
momenta.

M If the emitted parton has zero transverse momenta, the Lorentz transformation
reduces to the identity.
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10 E T T T | T | T | T | T | T 3
E pr of electrons from W decay E
10° LO, zero width =
E LO, nonzero width E
NLO, nonzero width 7
10°= E
10° E
10°? I | I | I | I
0 20 40 60 80 100 120 140 160

pr[GeV]

M Calculation of NLO corrections, give a better prediction for the rate.

B Extra radiation can modify kinematic distributions.
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MCFEM overview John Campbell and R.K. Ellis

B Parton level cross-sections predicted to NLO in ag

pp— W*/Z pp— W+ W~
pp— WE+2Z pp— Z+Z

pp— W* 4+~ pp— WE/Z+ H
pp — W+ + g* (— bb) pp — Zbb

pp— W*/Z 4+ 1 jet pp — W+/Z + 2 jets
pp(g9) — H pp(gg) — H + 1 jet
pp(VV) — H + 2 jets pp —t+ X

pp —t+ W

¢ less sensitivity to ur, ur, rates are better normalized, fully differential
distributions.

& low particle multiplicity (no showering), no hadronization, hard to model
detector effects
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MCFM:examples

B (V42 jet)/(W+1 jet)

SCT T T T T T T T T T T T
(W+2jets) /(W+1jet) ratio
VS=1.96TeV, py(jet)>15GeV,

25 nl<2, R=0.7

15

W+2jet /W+1jet

NLO
LO

.05

L o e Ly o L o oy |
°720 40 60 80 100 120 140 160 180 200

p [GeV]
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MCFM examples

B Production of a my = 120 GeV Higgs, using effective Lagrangian HG** G ...,
obtained in heavy top limit.

B Cross sections for Higgs+anything or Higgs+1 jet+anything are the same.
B Radiation probability is one, and NLO is clearly inadequate.
B what is needed is a combination of NLO and shower Monte-Carlo, (MC@NLO)

o [pb]

I\ WL A A B B B I — \ N R A A L L

B H+X production | \ H+1jet+X production |
60— — 60 \ —
M NLO 7] 7]

L Lo | A |
40 — — = 40 — —
L _ i L _

- — b - —
20 — I — 20— —

o o v L oy ol v o Lo b oy
50 100 150 200 50 100 150 200
p [GeV] p [GeV]
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NLO: Schematic description

B A schematic description of a NLO calculation is as follows.

(3—;) = Bd(x)
B
do B
<%> = a<2—€—|—V>5(33)
Vv
<d0> _ R(x)
dx - YTy
R

B In terms of the above the calculation of any observable O can written as

S CRCRIO
0 . y i
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Subtraction method

We can isolate the divergent part of the real radiation contribution

x~2e L O(z)R(z) — BO(0)
—I—a/O dx :

1
<O>R = CLBO(O)/(; dZC . $1+2€

The second term does not contain singularities so we cansete =0

B
=—a—0(0)+a

R 2€

(O)

/1 o O(x)R(z) — BO(0) |
0

X

The NLO prediction using the subtraction method is

O(z)R(z) — BO(0)

X

(0) . =BO(0) +a [VO(O) + /0 "z
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Toy Monte Carlo

Frixione-Webber

B Rewrite the basic NLO formula in a different which allows simpler matching with
the Monte Carlo:

(O).. = /01 da {O(ac) aB(@) | 60 (B +aV — ﬁﬂ |

T x

B Introduce Sudakov form factor for the toy model

A(x1,x2) = exp {—a /wz sziz)

1

K

where Q(z) is a radiation function with the following general properties:

0<Q(z2) L1, limQ(z)=1, limQ(z)=0.

z—0 z—1

If x5 is the energy of the system before the first branching occurs, then A(z, xs) is
the probability that no photon be emitted with energy z such that =z < z < z;.
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Matching NLO and MC

da)
— = BIuc(0O,1).
<d0 MC@LO

(5) ...~ oo o (- 2)]

X

This equation suggests the following procedure:
B Pick at random 0 < z < 1.

B Generate an MC event with zy;(z) as maximum energy available to the photon in
the first branching; attach to this event the weight wgy = aR(x)/=x.

B Generate another MC event (a “counter-event”) with xy; = 1; attach to this event
the weight wer = B+ aV — aB/x.
B Repeat the first three steps IV times, and normalize with 1/N.

This procedure fails, since the weights wgv and wer diverge as x — 0.
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Modified subtraction method

d 1
<_J> — / dx
dO msub 0

alR(x) — BQ(x)]

IMc(O, M (l’))

x
+Ivc(0,1) (B LaV 4+ CLB[Q(;U) — 1]) ] |
B We subtract and add the quantities
R (0, ) P 10,2 2D

B The two terms involving Q(x) are not identical, so this is not a subtraction in the
usual sense of an NLO computation.

B The two terms do not contribute to the observable O at O(a), because they are
compensated by terms in the parton shower Blyc (O, 1)
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Expansion to O(a)

B Expansion of Monte Carlo piece is

Inie = (1 — a/ dt@ 5(0 — 0(0)) + a/ dt@ 5(0 — O(t)) + O(a?)

M Insertion of this piece in the modified Monte-Carlo formula gives
1
(d_<f> _ / i
dO msub 0
B
+6(0 — 0(0)) (B taV - “—>

+aB5(0 - 0(0)) (47 dtQ—t))

5(0 — (@) 1) = BA)

Q(t)
t

+aB /1 dt6(O — O(t)) + O(a?).
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Expansion (continued)

B Collecting terms we obtain the starting formula for a NLO correction, plus power
suppressed terms which are anyway not controlled in the Monte Carlo

(%)msnb - /1 da [5(0 O(x)) aRf) +8(0 — 0(0)) (B taV — ?) ]

n B/ Q(‘”) 5(0 —0(0)) - §(0 — O(x))] + O(a?).

M |t can also be shown that the normal summation of branching logarithms is not
compromised by this procedure.
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Asymmetry in top production
B Example of tt-production using MC@NLO

B NLO curve (in blue,

dotted).

Frixione,Nason,Webber

0.2 T

0.1

0.0

-0.1

[o(t)—o(t)]/[o(t)+a(t)]

I T T T T

(t)

©

Pt Pr

I T T T T

)>20 GeV

___________

Solid: MC@NLO
Dashed: HERWIG

Dotted: NLO
_0.2 1 1 I 1 1 I 1 1 I 1 1 I 1 I 1
-1.5 -1 -0.5 0 0.5 1 1.5
y
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Conclusions

B NLO formulation of QCD processes gives better information about normalization,
and less dependence on unphysical scales.

B Matching with Monte Carlo can be implemented.

B Much remains to be done

* The NLO corrections which necessary for normalization are unknown for
many of the most interesting processes. 2 — 2 processes are known, some
2 — 3 processes, one or two 2 — 4 processes.

* MC@NLO is known only for a very limited set of processes, namely the
hadroproduction of single vector and Higgs bosons, vector boson pairs, heavy
quark pairs, singletop, lepton pairs, and Higgs bosons in association with a W
or Z.
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