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ABSTRACT
The cross section for two gluon to four gluon

scattering is given in a form suitable for fast
numerical calculations.
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Theoretical predictions for four-jet production at hadron colliders
allow detailed tests of QCD. Moreover, at SSC energies, four jets
become a serious background to many interesting processes which probe
new physics, e.g. pair production of electroweak bosons [1]. Hence a
detailed knowledge of four-jet event characteristics is crucial for good
background rejection. Although some individual contributions to
four-jet production have already been analysed (see e.g. ref. [2]), the
two gluon to four gluon scattering, which is the dominant contribution
for a wide range of subprocess energies, has remained beyond the scope
of previous computational techniques. Here we outline our calculation
of the cross section for this process, in the tree approximation of
perturbative QCD. The final cross section is presented in a form
suitable for fast numerical calculations.

Our calculation makes use of techniques developed in ref.{3], based
on the application of extended supersymmetry. We adopt the convention
that all particles involved in a scattering process are incoming. An
outgoing particle of momentum p and helicity s will be represented as an

incoming antiparticle of momentum -p and helicity -s. Let M(zi ,..,zg )
1 n
denote the amplitude for the process with the incoming particles

zl,..,zn of helicities Sqs-+sS), and momenta Pys-esPpye The momenta

_ n

satisfy the conservation equation, Tigi = 0. We find that all
nonvanishing six-gluon helicity amptitudes ;in be obtained by crossing
and/or complex conjugation from two amplitudes, M(g!.92,92,9",93,95) and
M(gl,gi,gi,g;,gi,gg). These amplitudes can be expressed in terms of the
amplitudes for processes involving a smaller number of gluons plus spin

one-half massless gluinos A and spin zero massless scalar gluons ¢,

using supersymmetry relations (on-shell Ward-Takahashi identities). The
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first of two relations is very simple:

y S
IM(ql,a, 92, 9%,9%,95)] = e IM(st, 9,42, 45480 o

where the Lorentz invariants s1j are defined as usual, Sij = (p1+pj)2,
and the scalar product is given by
= nXpX Y.y z.zZ _ (2)
Dipj Dipj + D1Dj + D1Dj EiEj

(E1=p§ ; all particles are on mass-shell, p1p1=0). The second
supersymmetry relation 1is more complicated. However, it simplifies

considerably in the c.m.s. of particles 1 and 4:

. | 2 '
IM(Q-: 91—n93,32192,9:)l = 5,3 Sse ‘ (513*511"5;3) M(s-.‘ﬂ.ﬂt’f.‘%’i 5,4:)

- Zil:?:: (523+$,z+533)‘P;*P:'iP;'LPz) M(R‘_,l‘:,fﬁ, ‘E'tb:' ¢:)

= 54 (P;"P:'LPSY“'Pz )2 M(‘Pi: :,47i, ?'1 f,*f)’ (3)

Particles 1 and 4 are chosen to move along the negative and positive
z-axis, respectively.

We calculate the two goes to four cross section by first computing
the amplitudes for the scattering of two gluons, two fermions and two
scalars into four scalars, and subsequently using eqs. (1) and (3) to
obtain the appropriate gluonic amplitudes. These amplitudes are
calculated in the c.m.s. of particles 1 and 4, and then reexpressed in

terms of Lorentz invariants. Before presenting the result, let us adopt
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some convenient notation.
The squares of the absolute values of all helicity amplitudes will
be generated from two generic functions, A,(p,,P,,P;,P, P;.Pg) and

Az(plvpzspaquspsgps), defined as
A oy (PysPysPssP, sPs sPs ) = {M(9,9%2,9%,0, . .95 ’96“2’ (4)
(z) (:) +’7+

where the r.h.s. implicitly contains the sum over the color indices of
all gluons. The square of the modulus of the invariant matrix element
for six-gluon process, averaged over initial colors and polarizations,

and summed over final colors and polarizations, is given by
1 2 3 5 6 2 =
IM(Q +9%,9 99“;9 »9d )l -

21T N2o1)71( A, (123456) + A, (135426) + A, (126435) + A, (156423)

+

A, (125436) + A, (136425) + A, (138256) + A, (124356)
A, {145236) + A, (146235)

+

+

A,(123456) + A,(135426) + A, (123546) + A, (136425)

+

A, (156423) + A,{125436) + A,(126435) + A, (563412)

+

A,(526413) + A,(123645) + A,(135624) + A, (623415)

+

A,(523416) + A,(125634) + A,(523614) ], (5)
where

Here N is the number of colors (N=3 for QCD), and 1 is the number of
initial gluons. The cross section for the scattering of two gluons with

momenta p,,p, into four gluons with momenta p,,p, .p;.p, is obtained from
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eq.(5) by setting =2 and replacing the momenta p,;,p,,Ps P, DYy
-P3 y~ Py s=Ps s~ Ps -
As the result of the computation of two hundred forty Feynman

diagrams, we obtain

A(g)(px 5Py sP3 3Py sPs 5P ) =
(« Ky Ke Ke) [D
(Df’ D;'D;,D::)o). Kg K K‘C K6 . Dg

(6)

()

where 9, @p, @o and @1 are 11-component complex vector functions of
the momenta P, sP,sP;sP, sPs and pg, and K, Kp, Ka and KT are constant
11x11 matrices. The vectors @p, Qo and 91 are obtained from the
vector @ by the permutations (p,ep;), (P3P, ) and (P, 9P, » Py P ) »
respectively, of the momentum variables in @. The individual
components of the vector @ represent the sums of all contributions
proportional to the appropriately chosen eleven basis color factors.
The matrices K, which are the suitable sums over the color
indices of products of the color bases, contain two independent
structures, proportional to N4(N2-1) and NZ(NZ-I), respectively (N s
the number of colors, N=3 for QCD):

K= (BN N2-1)78)KktY) + (BB (n2-1)/2)k (2D, (7)
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Here g denotes the gauge coupling constant. The matrices K(a) and K(Z)
are given in Table I. The vector @ is related to the thirty three
diagrams DG(I=1—33) for two gluon to four scalar scattering, eleven
diagrams DF(I=1-11) for two fermion to four scalar scattering and
sixteen diagrams DS(I=1-16) for two scalar to four scalar scattering, in

the following way:

D, - 2s,,

“5|5 Sus Si6 546l 523 Sse

- "Smtlzs E( P5*PG;P6) CF‘ D:

s
- 253« G(Ps*PG ’ Ps*PG) CS' Do

3 6. N6 (8)
ﬁ)z——-ﬁ—C-Dz,
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where the constant matrices CG(11x33), CF(llxll) and Cs(llx16) are given

in Table 1II. The Lorentz invariants 551 and tijk are defined as

2 2
513 = (Di+Dj) s tijk = (p1+pJ+pk) and the complex functions E and G are
given by
E(p;sPs) = (3054554 = S1:540 = S14542) * ie. . pEpYp%ph) /s
i*P3 3'%18%i3 T %1i%38 T %15°%44 uverP1PiP 3Pl /314
6(p;sP3) = E(PysP5)E(PysPg)> (9)

where ¢ is the totally antisymmetric tensor, ¢ 1. For the future

x_yzt=
use, we define one more function,

FPisPs) = (514545 * S15554 ~ S15%44)/2514- (10)
Note that when evaluating A, and A, at crossed configurations of the

momenta, care must be taken with the 1implicit dependence of the

functions £, F and G on the momenta p,,P, sPs »Ps -
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The diagrams D? are listed below:

D (1) = _,:—fi;; {[(Pz-Ps)(Pa‘Pc)]'[(P»‘Pn)(PafPs)]

~ [tpa-p)ps+ )] [ (pr- P ps- )]

+ [(P;‘Ps)(Ps‘Ps)]'[(P-‘Pu)(Pz‘Ps)] } ,
D% (2) - .3.2.5-15; { 2E (ps-Ps, P>-P) = 2E(py-ps, p2-ps)

+ 51'[(Pcf’s)(m-f>sﬂ } '

G 4
D2 (3) = T e { [(P.*Pz'Ps“Pq*P‘s’Ps)]' E(P1:P3)

Sas 536 Lias
~[(pyrpaPs)pa-pseps)l- E (pa, pe)
~[(pr-Pa+ps Moy +ps-pe)] - E (ps,ps)
+ [(P.‘Pz*PsHPq'Pa*Ps)] -E (ps, pe)
[ pulpa-ps)] - E(ps-pe, pstre)

= [Pq(PfPs)] - E (patps s Pz‘Ps)

+ 5,_’[Pn‘Pz‘P5)]'[Pq{Ps“Ps)] } ’



"

1]

"
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-S-;—t—,,; { E(Ps‘anP:s"Ps) - ‘Sl‘(P“(P’-P‘)] }:

S5 tias { E (parps, Pa-Ps) - Jz'["!(Pz‘Ps)] } ,
I

t!?.s

4
512 53¢ Lias {[(P'*PZCPS){P"*&—P‘)]'E(PMPJ)

- [(PﬁPz’Ps)(Pq‘Pa*Ps)] E (P1:P6)

- [P‘I{PS‘PG)] ’ E(PI. Pz‘Ps)} ,

4

Sa4 525 £ias {[(P.+P1~P5)(p,,+ P’—P‘)]' E(PZ»PB)

-[(P.'P,L*Ps)( Pq*P;‘P;)] ‘£ (Ps. Pa)

B [Pl(Pz'Ps)] - E ( P3-Pe, Pa)} ,
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e 4
Dz(q) - 5 936 T)as {[(P Pz*Ps)‘Pq*P: Pe)]' E(Ps,Ps)
- [( P.'P2+Ps)(Pq’P3*Pe)]'E(Ps.Pe)
+[PH(P3'P6)] -E (Ps. Pz‘Ps) } ,
L’ -
0500 = == {[(per-pellpr-pyope)] Elpupo
'[(P.‘Pz*Fs)(Pﬂ’Ps*Ps); 'E(Ps,Ps)
+ [Pl(Pz—Ps)] ) E(PS'PG; PG) } )
3,
D:(H) = Sy tias { S35 ~ 556 t S } ;
Df(lZ) = ;%:5 { 53 = 926 536 } ,

D, (13) = ——(ELT— { [Sn; z«][ 535 ~ 5s¢ 1 535]}
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$a

Siq S3¢

D; (15) = L(oeteseel

]

¢ _ -4
Dz(lé) ® 52 Ssctios {[53,-556+536]- E(Pz,Pz)} ,

4

S3¢ Sus Cus

Df(”) { [513 " 526 536] - Elps., P5)S ,

"

[11

D; (18) 1 { [Z(P.*Pz)(Pg'PG) - 535]'E(P2,P5)}

512536 Sys

-2

D7 (1) = =5 ECea, po-pe)

Df(20) = ;3—‘—2;-5- “E(py-Pe,Ps) .

DS (21) = ;i—:—aj; {[525’556+515]'E(P3,P3)}"
Df (22) = Z‘i;f“ {[523—535 - 5,5]- E(Pc,Ps)} ,
D; (23) = . :ﬁ 5on {[Z(Pa*Pe)(Pz‘Ps) + 515]'E(P5,P3)}

7’



DS (24)

Ds (25)

D; (26) =

Dy (27)

D; (28)

D; (23)

D; (30)

D; (31) =

D; (32) =

D; (33) =

515 53‘!

-2

52.5 53‘1

2

Si6 S2s

-2

S:z tuzs

2

46 tl25

S

2
5:5 t125

-2

53‘1 tl25

b

Si2 534 tnz';

I.,

s ————

512 Sug tazs

4

t

L‘

515 5‘16 tIZS

125
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E(p,-ps,ps)
ECpe, pa-ps)
E(p., pa-ps) ,
E (ps-pe, Pe)
E(ps, p-ps)

’

E(Ps’PG: PB) P

{[(Pﬁ?z’l’s)‘ quPs‘Ps) - tnzs] E(PZJP-’:)} .

{ [(Fl*'PZ'Ps )(P‘:"Ps'PG) + tl;S] E(Pz,Ps)}

4y

{[( P~ P2tPs )( Pq*Ps‘PG) t tlzs] E(Ps:P.a)} ’

{[(P“P’-*P5)(P‘|‘ Ps*Pe) - tllS-] E(Fs,Ps)}'

(11)
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where &, = 1.

G

The diagrams Df,; are obtained from D, by replacing &, by § = 0 and

the functions E(pi,pj) by G(pi’pj)’

The diagrams Df are 1isted below:

F R B
D°“) ) SI5$3‘| tn.'a‘ { F(PS'P‘).E(P.%:PS) - F(Ps.P3)'E(Pc»Ps)

+ [F(PscP3) *53«]'E(P5'P5)} '

£ -4
Do (2) " Si6 S25 Sau { [F(PG’Pz) ¥ %.E—]-E(PLPS)
+[F(P2,P3) + E%]'E(PG:Ps)
- F(PsaPs)' E(Pz.Ps)} ’
F 4
Da (3) - S5 53¢ tlzs { F(PSlPG) E(P3:P5)’ F(PSJPS)'E(PC:PS)

- [Flpupe) - 36 - 2%+ 3] E(pap|,

W\

Df(4) A { F(ps, ps)E (ps.ps) — Flps.ps) Ep,ps)

555 S34 L 125

[FGnn) - 3 -5 g 1 Elmn)].

2
75) = s, L oo o) Elrnd) |
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pre) = —2— { [s“-sn-szs]f(,»,,,as)} |
Si5 534 Cizg
F I s,
D, (7) S15 536 Lizs { [F(PS'PI) -3 %1 ¥ 'S'in']'E(Ps,Ps)

+[Flpu,ps) + T35 | E(ps, ps)

- [Flpers) s ) ECpurs) | |
]
D5(8) = 5 Elp-pesps)
F _ 2
D, (4) = 514 S3¢ tiay { [535— Ss‘+53‘].E(F2'P5)} ’

D:('O)= Z {[513— 516’536]'E(P5:P5)} ,

51 536 t"*5

I
D, (11) = 25,5255 {{523*535‘526'556]'E(Pz‘Ps:Ps)

36

"[523*515 = S35 —55‘-].E(P3‘PG' P5)

= [ 5,3 *‘556—535-526]'E(PI*PS:PS)} )

(12)
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The diagrams DE are listed below:

!

s
3 et (s ne [5n-a-s]
Do() 52 Ssetins 34 = Syg ¥ 3¢ 12 15 = S,¢ ,

1
s 2 — Sy = S5,u= Siul | S3g 556 1S
Do (2) Sia 536 tn_q { 12 24 l‘l] [ 35 56 36] ’
s 1
= S-S S |'1 55~ 326 =5 ]
D, (3) 5 5 Tns [ s ~ Ous ? uq] [ 23 ~ 226 " 23¢]
1 -
D;(4) = = < t.. [515 * 55" 502]'[ 539 "S54 7 535] y
SIS 536 125
|
D; (5) = e . t. [556 " S T 5'6}'[523 TS24 T 53"] /
515 534 ‘156
1
D:(G) = t [ng‘53q‘535]‘[5n’515 - 5'5} ’
55 534 Lias
s |
D,(7T) = S22 591 Lias [536 =~ Sy *53"]'[512 ~ 55 - 515} K
s I _
D°(8) ) S5ic 525 Liae [ S5t 335~ 513} [5“' = 546 *S'G-_\ ‘
s
b.(1) = S25 S34 tiny [ 514t 534 ~ 5‘3].[5“ " Sse ¥ S'15] ’
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1
D:(IO) = (Pz"Ps)(Pa“Ps) ,
525 536
D2 (1) = 1 (p-p)ps-pe)
Sy 53¢
]
s . - .
DO(IZ) 5. 518 (Ps Pn)(Pz Ps) ,
D:(|3) = l (P5‘P-)(P3"P‘1) )
Sis 53‘1
Dz (14) = ! (Pz’Ps)(Ps"PH) :
5)_5 34

DaS (15) ) 5:4152.5 Sag { [( P’-*PS)(PB‘PG)]'[‘PFP‘!)( PZ'PS)]

* F( Pa~Ps){p;- Ps): '[(P.‘Pa){Ps *P‘);

*:(P.’qu)(Pz'Psf[(Pc‘Pq)(Ps‘Pc)? } ,

2
Si¢ 534 525 { [(PZ'PS)(Ps*Pﬂ (P- ~Pe )( ps- Pq)]

D (16) =

"’[(P.*Ps)(?a’f’ﬂ) (Pl Pe (Pz PS]

+ [( Pa‘Ps) (lpz*PS)} '[(PB'P"I)(PI'%)] } )

(13)
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The preceding 1ist completes the result. Let us recapitulate now
the numerical procedure of calculating the full cross section. First
the diagrams D are calculated by using egs. (11,12,13). The result is
substituted to eq. (8) to obtain the vectors @, and PD,. After
generating the vectors @op, Dogs Doy> @zp, Dy and @% by the
appropriate permutations of momenta, eq. (6) is used to obtain the
functions A, and A,. Finally, the total cross section is calculated by
using eqg. (5). The FORTRANS program based on such a scheme generates
one Monte-Carlo point in less than a second on the heterotic (DC CYBER
175/875.

Given the complexity of the final result, it is very important to
have some reliable testing procedures available for numerical
calculations. Usually in QCD, the multi-gluon amplitudes are tested by
checking the gauge invariance. Due to the specifics of our calculation,
the most powerful test does not rely on the gauge symmetry, but on the
appropriate permutation symmetries. The function A, (D, P2 sP3sPy sPs sPs )
must be symmetric under arbitrary permutations of the momenta (P1sP2sP3)
and separately, (p,.DssPs), whereas the function A,{p,,P,,P3:P, +PssP5)
must be symmetric under the permutations of  (p;sP,sP3,p,) and
separately, (ps»Ps). This test is extremely powerful, because the
required permutation symmetries are hidden 1in our supersymetry
relations, egs. (1) and (3), and in the structure of amplitudes
involving different species of particles. Another, very important test

-2

relies on the absence of the double poles of the form (sij) in the

cross section, as required by general arguments based on the helicity

-1

conservation. Further, in the leading (Sij) pole approximation, the

answer should reduce to the two goes to three cross section [3,4],
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convoluted with the appropriate Altarelli-Parisi probabilities [5];
Our result has succesfully passed both these numerical checks.
Details of the calculation, together with a full exposition of our
techniques, will be given 1in a forthcoming article. Ffurthermore, we
hope to obtain a simple analytic form for the answer, making our result

not only an experimentalist's, but also a theorist's delight.

We thank Keith El11is, Chris Quigg and especially, Estia Eichten for
many useful discussions and encouragement during the course of this
work. We acknowledge the hospitality of Aspen Center for Physics, where

this work was being completed in a pleasant, strung-out atmosphere.
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