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The cross section for hard processes involving two quarks and four gluons is given in a form suit-

able for fast numerical calculations.

Four-jet spectroscopy at present (CERN SPS collider
and Fermilab Tevatron) and future [Superconducting
Super Collider (SSC)] hadron colliders holds great prom-
ise for testing QCD as well as for the discovery of new
physics. Standard QCD interactions will cause significant
backgrounds to many processes of interest, e.g., pair pro-
duction of electroweak bosons.! Hence it is very impor-
tant that we have a detailed understanding of convention-
al QCD four-jet production. In particular, knowledge of
cross sections for hard-parton subprocesses is crucial for
any reliable phenomenology of jet physics. In Ref. 2 we
took one step in this direction, by presenting the cross sec-
tion for four-gluon production by gluon-gluon fusion.

In this paper we give the cross section for hard process-
es involving two quarks and four gluons, in the tree ap-
proximation of QCD. The final cross section, which is
presented in a form suitable for fast numerical evaluation,
is applicable for the following processes: quark-antiquark
annihilation into four gluons, quark-gluon inelastic
scattering into a quark and three gluons, and gluon-gluon
fusion into a quark-antiquark pair and two gluons. Guid-
ed by analyses of three-jet production (see, e.g., Ref. 1), we
expect that for moderate values of the transverse momen-
tum these processes are at least as important as the purely
gluonic process. Since the masses of light quarks can be
neglected at high-energy hadron colliders, we consider
here the case of massless quarks.

To perform this calculation, we have further developed
the techniques of Ref. 3, by explicitly using extended su-
persymmetry for a process involving quarks. This is the
first time extended supersymmetry has been used for pro-
cesses involving quarks as well as gluons. We adopt the
convention that all particles involved in a scattering pro-
cess are incoming. An outgoing particle of momentum p
and helicity s will be represented as an incoming antipar-
ticle of momentum — p and helicity —s. Our convention
is that the left-handed quark is represented by a spin-5

IM(ql,8g% 8%, .8>,8%)| =
$23556

Weyl particle g, whereas the right-handed quark by a
spin-3 Weyl particle 7. The left- and right-handed anti-
quarks are represented by r and g, respectively. Let
M (zs’l e ,zs': ) denote the amplitude for the process with
the incoming particles z!,...,z" of helicities s,...,s,
and momenta p,...,p,. The momenta satisfy the con-
servation equation 3 :=%p;=0. We find that all nonvan-
ishing quark-antiquark four-gluon helicity amplitudes can
be obtained by crossing and/or complex conjugation from
two amplitudes,

Mgl 4% 8% ¢%.32.8%)
and
Mgl g% .8%.d%.¢>,8%).

These amplitudes can be expressed in terms of the ampli-
tudes for processes involving spin-zero massless scalar
gluons ¢, spin-zero massless scalar quarks o, left-handed
quarks g, left-handed antiquarks r, and a smaller number
of gluons, using supersymmetry relations (on-shell Ward-
Takahashi identities). The first of two relations is very
simple:

IM@g' g% 8% 8%.32.8%)]

Ss6 1 2 43 4 5 46
=——|M(g,,05,¢%,85,0_,62)| , (1
V1523535 |

where the Lorentz invariants s;; are defined as usual,
sij=(p;+p;j )2, and the scalar product is given by

pipj=pi'p} +p!p] +pip]—EE; 2)

(E;=p/; all particles are on mass shell, p;p;=0). The
second supersymmetry relation is more complicated.
However, it simplifes considerably in the c.m. system of
particles 1 and 4:

| (s12+513+523)°M (g ,8%,6%,% .6 ,6%)

—2iV —s1a(s 12 +513+523)(p3 +p5 +ipd +iphM (ol 85,07 0% 8% ,¢°)

—s1ap3+ps+ip3+ipt PM(FL 8%, 6%, 07 ,6%) | . 3)
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Particles 1 and 4 are chosen to move along the negative
and positive z axis, respectively.

We calculate the full cross section by first computing
the amplitudes which occur on the right-hand side (RHS)
of Egs. (1) and (3), and subsequently using those equations
in order to obtain the desired quark-antiquark four-gluon
amplitudes. These amplitudes are calculated in the c.m.
system of particles 1 and 4, and then reexpressed in terms
of Lorentz invariants. Before presenting the result, let us
adopt some convenient notation.

The squares of the absolute values of all helicity ampli-
tudes will be generated from two generic functions,

BO(pl’p2yp3’p4’P5’P6)
and

Bz(Pl’PzaP:hPmPs,Pﬁ) >
defined as

BO(PI,PZ,Ps,P‘t»Ps,P(,): |M(q1+,gi,gi,(74_,g5_,g6_ ) } 2 ,
(4)

BZ(pl’PZ’P%pMPS’PG): ]M(g:_,qi,gi_,gi,qs_,gﬁ_ ) | 2 ’
where the RHS implicitly contains the sum over the color
indices of quarks and gluons, and the flavor indices of
quarks. The square of the modulus of the invariant ma-
trix element for quark-antiquark four-gluon process, aver-
aged over initial colors, flavors, and polarizations, and
summed over final colors, flavors, and polarizations, is
given by

|M(q',7%8%8%8%8%) |?=2""C~AN?—1)"N~CON,' ¢
X [Bo(134256) + Bo(135246) + By (136245) + By (154236) + Bo(164235)+ By(234156)
+ B,(314526) + B,(314625) + B,(316524) + B,(624513)
+B,(614523) 4 B,(623514)+ B,(324615)+ B,(324516)] , (5)

where
B(g)(ijklmn)=B(g)(pi’Pjvpk sP15sPm>Pn ).

Here, N is the number of colors (N =3 for QCD), N r is
the number of light flavors, Q is the number of initial
quarks and antiquarks, and G is the number of initial
gluons. For example, the cross section for the annihila-
tion of a quark with momentum p, and an antiquark with
momentum p, into four gluons with momenta
DP3,P4,Ps,De is obtained from Eq. (5) by setting Q =2,
G =0, and replacing the momenta ps3,p4,ps,ps by
—P3,—DP4,—DPs, —De-

As the result of the computation of 232 Feynman dia-
grams, we obtain

. .| K[ 2
By(p1,p2:P3:P45P5:P6) =L 0, D o) K, K || |"
(6)
. K, |2,
By(p1,p2:P3:P4sPs5:P6) =L 3, D 3,) K, K||2,|"

where &, & ., and &, are 16-component complex vector
functions of the momenta p,, p,, p3, P4, Ps, Pe, and K
and K, are constant, symmetric 16X 16 matrices. The
vectors &, and &, are obtained from the vectors & by
the permutations (py<>p3) and (p;<>p,), respectively, of
the momentum variables in <. The individual com-
ponents of the vectors & represent the sums of all contri-
butions proportional to the appropriately chosen 16 basis
color factors. The matrices K, which are the suitable
sums over the color indices of products of the color bases,
contain four independent structures:

8 2
K= (IIZNZI) (N6K16)+N4K(4)+N2K(2)+K(0)) . 7

Here, g denotes the gauge coupling constant. The ma-
trices K'®, K, K? and K'? are given in Table I. The
vectors & are related to the 22 diagrams D (I =1-22)
involving left-handed quarks and four scalar gluons, 24
diagrams D# (I =1—24) involving left-handed antiquarks
and four scalar gluons, 22 diagrams DS (I =1—22) in-
volving scalar quarks and four scalar gluons, and 48 dia-
grams D¢ (I=1-48) involving scalar quarks, two
gluons, and two scalar gluons, in the following way:

1

V' | 515545 | 523856

X [t123C D  +2t153H (ps+pe, ps)C°D*

go’—‘

+ H(ps+pe, ps)CAD1],

Ss56

—2 %D,
2V | 523835 | 514

D=

where the constant matrices CF (16x22), C4 (16x24),
CS (16x22), and C% (16x48) are given in Table II. The
Lorentz invariants s; and ¢t are defined as
sij=(p; +p; )2, Lk =(pi+p;j+px )%, and the complex func-
tion H is given by

H(p;,pj)=2[(p1pa)p;ip;)—(p1p; N p;ps)
—(p1P)(PiPs) +i€umphipiPiPkl, 9
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TABLE 1. Matrices K(I,J) (I =1—-16, J =1-16).

Matrix K©

Matrix K%

Matrix K%
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TABLE 1. (Continued).

Matrix K‘©

0)
P

Matrix K

2)

P

Matrix K
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TABLE 1. (Continued).

Matrix K;f)

-1 0 1 0 0 0 0 1 0 0o -1 1 -1 -1 2 0
0 -1 0 1 0 0 -1 1 0 -1 -1 0o -1 1 0 0
1 0 -1 0 0 0 -1 -1 0 —1 2 1 2 0 -1 -1
0 1 0o -1 0 0 -1 =2 1 1 1 1 0 0o -1
0 0 0 0 1 0 2 1 -1 -1 -1 -1 1 -1 1 -1
0 0 0 0 0 1 1 1 1 0 -1 =2 1 1 1 1
0 -1 -1 -1 2 1 2 0 -1 -1 1 1 -2 =2 0 0
1 1 -1 =2 1 1 0 0o -1 1 -1 1 -2 -2 2 2
0 0 0 1 -1 1 -1 -1 2 0 1 1 0 2 -1 -1
0 -1 -1 1 -1 0o -1 1 0 0 -1 1 0 2 -1 -1

-1 -1 2 1 -1 -1 1 -1 1 -1 0 0 -2 0 1 1
1 0 1 1 -1 =2 1 1 1 1 0 2 =2 0 1 1

S 2 0 1 1 -2 -2 0 0 -2 -2 -2 =2 2 2

-1 1 0 0 -1 1 -2 =2 2 2 0 0 -2 -2 2 2
2 0 -1 -1 1 1 0 2 -1 -1 1 1 2 2 -2 =2
0 0 -1 1 -1 1 0 2 -1 -1 1 1 2 2 -2 =2

Matrix K
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0o -1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0. 0 0 0 0 0 -1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 -1 0 0 0 1 0 0 0 0 0 -1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 1 0 0 0 0 0o -1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0o -1 0 0 0 0 0 0 0 0 0 0 0o -1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 —1 0 0 0 2 0 0 0
0 0 0 0 0 0 0 2 0 0 0 1 0 2 0 0
0 0 1 0 0 0 -1 0 0 0o -1 0 0 0 2 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 2

where € is the totally antisymmetric tensor, €,,,, =1. For Note that when evaluating B, and B, at crossed configu-

future use, we define one more function: rations of the momenta, care must be taken with the im-

F(pi,p;)=[(p1p4)pip;)+(p1p: Xp;ps) plicit dependence of the functions H and F on the mo-
menta p, and p,.

—(p1pj)pipa)1/(P1p4) . (10) The diagrams DF are
|
4
Df(1)= S1aSectizs {F(ps,ps)H (p3,ps)—F (p3,p)H (ps,ps)+[F(py,ps)+si21H (pe,ps)}
4
Df(2)= {F(pe,ps)H (py,ps)—F(ps,ps)H (pe,ps)+[F(py,pe)+s121H (ps,ps)} ,
S12545%126
F —4 S12 S4s
D (3)=———| |F(py,pe)+— |H(ps,ps)+ |F(pe,ps)+—— |H(p2,ps)—F(p,,ps)H (pe,ps) | ,
512836545 2 2
F, —4 S12 S46
D (4)=————| |F(py,ps)+—— |H(pe,ps)+ |F(ps,pe)+—— |H(p2,ps)—F(py,ps)H (ps,ps) | ,
512535546 2 2
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1—16, J =1-24), CS(I,J) (I =1-16, J =1-22), and CS(1,J) (I =1—16, J =1—48). Indices I and J specify row numbers and column

TABLE II. Matrices CF(1,J) (I =1-16, J =1-22), CALJ) (I

numbers, respectively.

Matrix CF
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Matrix C4
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0 0 0




TABLE II. (Continued).

Matrix CS
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TABLE II. (Continued).

25-48)

Matrix CY (columns J
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F( S36  S13 Si6
Pe:ps)H (p3,ps)—F(p3,ps)H (pe,ps)— |F(pe,p3)—————+— |H(ps,ps) | ,

Df(5)=
2 2 2

5365452136

DF 4 S35 S13 515
(6)=————|F(ps,ps)H (p3,ps)—F(p3,ps)H (ps,ps)— |F(ps,p3)——————+—— |H(peps) | ,
S35546%135 2 2 2

S25 S12 Sis
F(ps,p¢)H (py,ps)—F (py,pe ) H (ps,ps)— |F(ps,p2) ——————+—— |H(ps,ps) | ,

Df(7)= 4
2 2 2

5255462125

F 4 S46 $34 $36
D (8)=————|F(p2,p¢)H (p3,ps)—F(p2,p3)H (pe,ps)— |F(p3,pe)+————— |H(pyps) |,
$12536%125 2 2 2

S45 534 S35
F(py,ps)H (p3,ps)—F(py,p3)H (ps,ps)— |F(p3,ps)+—————— |H(py,ps) | , (1

DF9)=—1
2 2 2

$125358126

2 2
———— (526 +536—523)H (ps,ps), DF(11)=——"——(sp5+535—523)H (pe,ps) ,
5365458145 5255467146
F, 2 F, 2
D (12)=7(556—535—S36)H(p2,p5), D (13):—-‘_“(S56——S36—S35)H(P2,p5) »
S12536%124 $125358124

D¥f(10)=

4

L12s
$25836¢125

F(14)=
D (14)= 4

H(py,ps)— |F(py,pe)+ H (ps,ps)

t
F(PSyP6)+‘%§‘

S1s S12 S25
F(ps, R .
(p5p2)+ D) 2 b

H (pe,ps)

’

4 t
DF(15)= F(ps,p5)+-l43i

= H (pg,ps)
S25536%136

H(ps3,ps)—

t
F(P3,P5)+%

S16 S13 536
F , - 2 _ 2
(pe>p3)+ ) 2 2

H(ps,ps)

’

1
DFf(16)=————[(s23—526+535 =556 ) H (ps —P3, ps) + (53— 535 +S26 —S 56 JH (p3 — D6, P5)
514525536

+ (523 —526 —535+5s56 )JH (p2+ps, ps)],

2
2 (556—535—536)H (pa,ps), DF18)= —2 (550 —s535—536)H (p0,ps) »
S14536%124 $14535%124

) _
————(523—526—S36)H (ps,p5), DF(20)=——‘——2 (523 —535—525)H (pg,ps) »
S14536% 145 S1a825t146

Df(17)=

Df(19)=

Df(21)= H(ps—pe,ps), DF(22)=

H(p,—ps,ps) -
514536 $14825 P2=Ps: Ps

The diagrams D“ are

4
D41 = m{F(PbPz)H(Ps +PesPs) —F(pe,p2)H (ps+pe, p3)+[F(pe,p3)+s161H (ps+pe, P2)} »

4
D4(2)= m{F(szpﬁH(Ps +Pe6,P6)—F (pe:p3)H (ps+pe, p2)+[F(pe,p2)+5161H (ps+pe, p3)}

4
D‘(3)=m£F(ps,pz)H(ps +pes Ps)—F(ps,p2)H (ps+pe, p3)+[F(ps,p3)+s1s1H(ps+pe, p2)} »

4
D4(4)= m{F(Pzapa)H(Ps +pe>Ps)—F(ps,p3)H (ps+pe, p2)+[F(ps,p2)+5151H (ps+ps, P3)}

4
D4(5)=————|F(ps,p)H (ps+pe, ps)—

F(pg,p )+s—24—
515524536 002

H(ps+pe, p2)— > H(ps+ps,ps)

’

§1s
F(PS,PGH'_Z‘



322 STEPHEN J. PARKE AND T. R. TAYLOR
A 4 S16 S24
D(6)=————|F(pe;p2)H(ps+pe, Ps)— |F(pe,ps)+—— |H(ps+pe, p2)— |F(ps,p2)+—— |H(ps+pe,pe) | »
516524535 2 2
4 4 S36 S13 S16
DA7)=——"— |F(pe:p2)H(ps+pe, p3) —F(p3,p2)H (ps+pe, ps)— |F(pep3)—— ——+— |H(ps+pe, p2)
$24536%136 2 2 2
4 4 S35 S13 S5
D4(8)=———— |F(ps,p2)H (ps+pe,p3)—F(p3,p2)H (ps+pe, ps)— |F(ps,p3)—————+— |H(ps+ps, p2)
5245358135 2 2 2
A 4 S46  S34  S36
DA9)=———"—|F(ps,ps)H(ps+pe, p3)—F(ps,p3)H(ps+pe; ps)— |F(p3,pe)+————— |H(ps+pe, ps)
S15536L125 2 2 2
4
D*(10)=———— | F(pg,ps)H (ps+ps, P3)—F (p6,p3)H (p5s+pe, ps)
S165358126
S45  S3¢4 S35
- F(Psyps)-f-T—T—T H(ps+pe ps) | »
4
DA(11)= F(pe,ps)H (ps+pes, p2)—F(pe,p2)H(ps+ps, Ps)
S16525t136
Sas S24 S2s
— F(Pz,Ps)-i-T—T——z— H(ps+pe,ps) | >
A 2 A 2
DA(12)=————(535+536 —Ss6 ) H (ps+pe, P2), D (13)=—""——(535+536—55¢)H (p5s+pPs,P3) ,
5245361124 5245358124
2 2
DA(14)= ——"—— (523 —526 —S3¢)JH (ps +Pe, Ps), DH15)=—"——(5,3—535—5,5)H (ps+Ppe, pg)
S15536%145 S16525%146
4 4 t12s 125
D4(16)= F(ps,ps)+—— |H(ps+pes, p2)— |F(p2,ps)+—— |H(ps+ps,ps)
$25836125 4
S15 S12 S25
- F(PS’P2)+T_T_T H(ps+pe,pe) | »
4 4 L136 T136
D7) =—"——| |F(ps;ps)+—— |H(ps+pe, p3)— |F(p3,ps)+—— |H(ps+pe,Ps)
525536136 4 4
S1e S13 S36
— F(Ps,P3)+T—T—T H(ps+ps,ps) | »
1
DA(18)=———[(s23—526+S35—Ss6 ) H(ps+Pe, P5s—P2)+ (5233 —535+526 — 556 )JH (P5s +Ps, P3 —P6)
525536514
+(833—S26—S35+556)JH (ps+pe, p2+Ps)]
y 2 y 2
DA(19)=——"(s56 —535—536)H (p5s+ps, p2), D7(20)= (556 —535 —536)H (ps+pe, P2)
S14536%124 S145350124
2
DA(21)=—27(S26+S36—SZ3 VH (ps+pg, ps), DH22)=——"——(5,5+535—523)H (ps+pg, D)
514536145 5145258146
D4(23)= H(ps+pe,p3—ps), DA24)= H(ps+pe,p2—ps) -

514536 S1452s

The diagrams DS are

1
DS(1)=————(545—515)(523 —S26—536), D(2)= (533 —S26—536)
S1aSselias T4 5150523 =526 —S36 Syl ias BTS20 7536

1
DS(3)=————(546—516)(523 —S35 —S25), DS(4)= (523 —535—525) ,

$145258146 Sasli46
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DN(5) = — (51— 52 )(555—535), DS(6)=

= (51—524), DS(T)= (556 —S35) »

5145362124 S1at124 2 S36f124 6T
DS(S):—I_, DS(9)=—1"—'_(512—524)(556—5'36), DS(IO)= (S56—S36),

L124 S145352124 S35t124
DS(11)=“"‘1—(512—515—st)(546-534+536), D5(12)= (546 —S34+536) > (13)

S25536L125 S36l125
s 1 s s 1
D>(13)=——, D>(14)= (313—515——S35), D (15)=‘_—'——_—(513—S16—536)(S45—524+S25) ,

L2s S35L135 5255361136

1

D5(16)= (s13—S16—536), D3(17)= (545 —S34+535), DS(18)=——,

S36l136 S3s5l126 126
5(19)= — Sy — DS(20)= —516— , DS(21)= —524—
D>(19) 2525336(S23 526 —535+556)> (20) 2314336(S13 S16—534+5a6) (21) 2514325(s12 S24—S15+5as)

1

D3(22)=————[(s1,—534 —S15+545)(S16— 513+ 546 —534) + (523 —S26 — S35 +556)(5 24 —S 12+ 545 —S15)

2514525536

+(513—S16—534+546)(535 —S23+556 —526)] -

The diagrams D€ are

2

DG(1)= 2 (S35——S56)(512—Sz4+sl4), DG(2)= (SZG—SSG)(513—'S34+314) )
S36l124 Sas5l134

D3)= (526 —523)(545—S15+514), D(4)= (535 —523)(s46 —S16+514) »
S36L145 S2s5l146

G 2 G 2

D®(5)=—(p1—pa)p3—ps);, D(6)=—(p;—p4s)p2—ps),

S36 S25

DE7)= oo {{(p2—ps)p3—pe)ll(p1—pa)p3+pe)1—1(p2—ps)p3+pe)l(P1 —Pa)(p3—ps6)]
+[(p2+ps)p3—pe)ll(p1—Pa)p2—pP5)]]
4
DY8)=—————{[(p1+P2—pPs)ps+P3—Pe)1H (p2,p3)—[(p1 +P2—P5)ps—p3+Pe)1H (p3,ps)
525536f125

—[(p1—pP2+ps)Nps+p3—pe)1H (ps,p3)+[(p1—p>+ps)ps—p3+pe)1H (ps,pe)
—[pi1lp2—ps)1H (p3—pe, p3+P6)—[Pa(p3s —pe)1H (p2+ps, P2 —ps)

+2s1[p1(p2—ps)1lpalps—pe)l} »

2
D%9)= {s14[(p2—ps)p3—pe)1—H (p3—pe, P2 —ps)+H(pr—ps,p3—pe)}

$25536
G 2514 G
DY10)= , DP(11)= [s14(s12—s15)—H (p2+ps, p2—ps)],
125 S2s5t125

DY%12)= [s14(s46 —534)+H(p3—ps, p3+p6)]

S36L125

4

DG(13)=mi[(m+pz—ps)<p4—p3 +p6)1H (p2,p6)—[(P1+p2—Ps)ps+p3—pe)1H (p2,p3)

+[palps—pe)1H (p3, p2—ps)}
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D(14)= S29524 128 {1 —p24ps)pa+p3—p6)JH (ps,p3)—[(p1 +P2—ps)ps+p3—pe)1H (py,p3)
+[p1(p2—ps)]H (p3—ps, p3)} ,
4
DE(15)= 5155367 128 {[(p1—P2+Ps)Pa—p3+p6)1H (ps,ps)—[(p1 —p2+Ps)pa+p3—pe)1H (ps,p3)
—[palps—pe)1H (ps, ps —ps)i ,
4
D9(16)=————{[(p1—p2+Ps)ps—p3+P6)1H (ps,p6) —[(p1+p2—ps)ps—p3 +pe) JH (p2,pe)
$25546125
—[pP1(p2—ps)1H (p3—pe, ps)}
DS(17)= (56— 535)H (p2,p2), DO18)= —2 (5,3 —5,6)H (ps,ps) , (14)
S12536124 S45536% 145
D%(19)= (s56—526)H (p3,p3), DO(20)= ———— (533 —535)H (ps.ps) »
5135257134 525546t 146
D21 = H(py, p3—pe), D22)=——""H(p3—ps,ps), D23)= H(p3s—pe,p3)
512536 536545 S34l125
D%24)=——"—H (ps—pe, ps), D9(25)= 2 H(py,py—ps), D%26)=——"—H (ps,p,—ps),
Sa6t12s S12t12s S1sti2s
De2N)= H(p3,py—ps), D9(28)=—"-H(p,—ps,pe), D29)= [(p3—pPe)pa+ps)H (p2,ps) ,
$13525 $25546 512536545
DC(30)= [(p1+P2—ps)ps—p3+pe)1H (py,ps), DG(31)=—~[(p1+p2—ps)(p4—+-p3~p6)]H(p2,p3) ,
5125467125 512834t 125
D(32)=————[(p,—ps+ps)ps+p3—pe)1H (ps,p3), DE33)= [(p1—pP2+ps)psa—p3+pe)1H (ps,ps) ,
S1553at125 515546125
D34 =——[(p,—ps)ps+p6)IH (p3,pe), DE3S)= —2—(sp—s513—514) ,
513525546 T4
DO(36) = —2— (534 —513—514), DI = —2—(515—535—513), DO38) = (516 —545—513) ,
1134 Ligs 146
D%39)= H(p,,p;), D%40)= H(ps,ps), D%41)= H(py,ps), D%42)= H(pe,pe) ,
S128124 Saslias S13t134 S46t146
D%43)=———H (p,,ps), D%44)= —4 H(p,,ps), DC45)= H(p,,p3),
512545 S12546 512534
D(46)=——2H(ps,ps), DU47)= H(ps,pe), DO48)=——2 H(ps,pe) .
S15534 S15546 513546

The preceding list completes the result. Let us recapi-
tulate now the numerical procedure of calculating the full
cross section. First the diagrams D are calculated by us-
ing Egs. (11)—(14). The result is substituted into Eq. (8)
to obtain the vectors & and &,. After generating the
vectors &, and & ,, by the appropriate permutations of
momenta, Eq. (6) is used to obtain the functions B, and
B,. Finally, the total cross section is calculated by using
Eq. (5). The FORTRANS program based on such a scheme
generates two Monte Carlo points in less than a second on
the heterotic CDC CYBER 175/875.

The following testing procedures can be used in the nu-

merical calculations based on the algorithm presented in
this paper. First, the function B,(p,ps2,p3,P4:Ps:P6)
must be symmetric under arbitrary permutations of the
momenta (p;,p3,ps). Another, very important test exam-
ines the singular behavior of the cross section in the
kinematical limit of any two partons / and j moving col-
linearly, i.e., with s;; going to zero. The double poles of
the form (s,-j)_2 should be absent and, further, in the lead-
ing (s,»j)_‘ pole approximation, the answer should reduce
to the appropriate two goes to three cross section,* convo-
luted with the Altarelli-Parisi probability® for the decay of
the final particles into partons i and j. For example,
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when the quark and antiquark momenta become parallel,
the invariant quark-antiquark four-gluon matrix element
squared must factorize into the five-gluon matrix element
squared and the Altarelli-Parisi probability for gluon
branching into a quark-antiquark pair. It is worth men-
tioning that, similar to the case of the lepton-antilepton
four-parton matrix element squared,® the factorization
holds only after averaging over the azimuthal angle of the

branching process plane. Our result has successfully
passed both these numerical checks.

While this manuscript was in preparation, we have
learned from Z. Kunszt, that he has also completed a nu-
merical routine for this cross section’ using a different set
of techniques. Together, we have made a numerical com-
parison of the two results and complete agreement was
found.
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