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Abstract

Matter effects may strongly enhance the Jarlskog fagtam T- and CP-violating three-neutrino oscillation probabilities.
However, we show that whehis enhanced, the same matter effexcigpress the oscillating factors anishcrease the oscillation
length. The net result is that there is no large enhancement in measurable probabilities for earth-bound experiments using
neutrino parameters suggested by current experiments. We show that by an appropriate choice of the experimental parameter
neutrino energy and travel length, the T-violating probability can be enhanced by matter effects over their vacuum values by
50%. Our approach is analytical, allowing considerable insight into the underlying physi301 Published by Elsevier
Science B.V.

1. Introduction small [2], the latter statement supported also by the
Chooz experiment [3]. From the, — v, survival

Analogous to the CKM mixing-matrix in the quark prebability _in t_he solar flux, one infers that the
sector of the Standard Model (SM), there is an MNs third angle is either large (for the large-angle MSW
mixing-matrix [1] in the lepton sector. For three (LAM)andthe long-wavelength vacuum (LWV) solar

light neutrinos (assumed throughout this work) the Solutions), or very small (for the small-angle MSW
MNS matrix consists of three angles and one (three) (SAM) solar solution) [4]. Nothing is known about the

phase(s) for Dirac (Majorana) neutrinos. Regardless 1~ @nd CP-violating phase. ,
of the nature of the neutrinos, Dirac vs. Majorana, ~ With construction underway for long-baseline ter-
neutrino oscillation experiments are sensitive to a restrial oscillation experiments, attention has turned

single phase through the measurement of a T-violating ©0Ward more precise measurements of the MNS pa-
asymmetry P(vy — vg) — P(vg — vq) OF @ CP- rameters, |n.clud'|ng the phase. Measurement of'the
violating asymmetryP (v, — vg) — P(iy — 7). T- and CP-violating asymmetrles appears impossible
Much progress has been made toward determining thef0r theé SAM and LWV solutions. For the SAM so-

values of the three mixing angles. From measurements/Ution. this is because of the smallness of two of the
of the neutrino survival probabilities, — v, and three angles, while for the LWV solution, this is be-

Ve — v, in the atmospheric flux, one infers that cause of the extreme hierarchy of mass-squared values
e e ' 2 2 7 a2
one mixing-angle is near maximat (4), and one is  9"sun/0mam~ 107" €V*. On the other hand, for the
LAM solution, measuring T- and CP-violating asym-
metries to determine the phasds more promising,
E-mail address: parke@fnal.gov (S.J. Parke). with effects at the per cent level. In terrestrial experi-
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ments, the neutrino beam will travel underground, and 2. Enhancement of T-violating probabilities?

one may ask whether earth-matter effects [5] can en-

hance the T- and CP-violating probabilities [6]. The reason for the absence of a significant en-
Throughout this paper, we assume a three neutrino hancement in probability is easy to understand, as we

world, and the vacuum hierarchyn3, < §m3, as now demonstrate. For oscillations in vacuum the T-

indicated by experiment. We focus on T-violation, violating probability, Eq. (1), is simply

defined by the asymmetry

r FAV ain AV cin AV
P/ =16JySinAY,SinA3,SinA%,, 3)
PT = P(vy — vp) — P(vp — o). 1) Y Yo TaATT T
where
Here « and g denote different neutrino (or anti-
neutrino) flavors. The CP-violating asymmetry, de- 5m§k|vL
fined by I*=T4E,
PPP =P(vy — vg) — P(b — 7p), ) 12660 (L/[10° km])(8m?, /[10~%eV?])
=1. .. X ;
contains the same contribution @&’ but includes (E/GeV)
additional contributions arising solely from matter (4)

effects. We do not pursue this complication in this 5m§k|v is the difference ofith andkth vacuum mass-
work. Here we analyze the case for a measurable squared eigenvalues, is the neutrino energy, and
T-violation. Time-reversing the path of the neutrino s the travel distance. The Jarlskog factor [8]jn the

through the earth gives no extrinsic T-violation (fOf a standard mixing parameterization [9] is given by
spherically symmetric earth-matter distribution). This

fact, and the relatively small effects of matter 8 Jy = [s21531532¢21¢51 32 SINd . )]
derive(_j herein, make the T—vio_Iation n"_nea_sur_ement an wheresy1 = sindy1, etc. Jy has a maximum value of
attragtlve_approach for extracting the intrinsic T- and —L__ Whereas for oscillations in matter of constant
CP-violating paramete. 6V3"
For certain small values of mixing angles and for density' we have

certain neutrino energies, strong enhancements ma . . .
occur for the Jarlskog invariant ?n matter (m) rel- Vrg = 16/msinAZ} sinAgsinAgy, 6)
ative to vacuum (v) [7]. It is not hard to see wliy, where the ‘m’ sub- or superscript indicates the value in
can be strongly enhanced near a small-angle MSW matter. Again the maximum value df, = [s21531532
resonance. In the two flavor approximation, which is cz1c§1C32 Sind]m is 6—13. If we now employ the
valid for three neutrinos with a hierarChy of vacuum e|egant three generation relation [10]
mass-squared differencés:3, < §m3,, the relation
sm2, = sin(26y) sm2 obtained at resonance, implies Jm _ [8m3,8m350m3,],
Jm o 1/6, for small mixing-angle. The purpose of this  J, [5m§13m§25m§1]m
Letter is to show that although, may be strongly en-
hanced by small-angle matter resonances, the measur
able T-violating neutrino oscillation probability pro-
portional to Ji, is not enhanced for earth-bound ex-
perim_ents. In fact, depending on the exact values of Pl 16 [(5m§18m§28m§1)|v]
the mixing angles and vacuum masses, matter effects,fm=-9/v
if important at all, generally suppress these probabil-
ities. However, we do show that for an appropriate x SinA%; sinAZ,sinAg) . 8)
choice of neutrino energy and travel distance, matter
effects give modest~ 50%) enhancements of the T- ——— ) o

. . L . . In the earth this approximation is quite accurate for those paths
V|0Iat|ng probabllmes foterrestrial experiments. Our that do not enter the earth’s core; for paths that do enter the core,

results are mainly analytical, and so some insight into the constant density approximation gives qualitatively the correct
the physics of the matter phenomenon emerges. physics.

(7)

relating vacuum and matter Jarlskog factors and mass-
squared differences, then the T-violation asymmetry in
matter can be written as

(m3,5mZp5m3p)|m
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For small distances such that gir~ A for all A’s,
both in vacuum and matter, thei‘r\yT ~ P,%'. That is, at
these distances matter effects are negligible. At longer
lengths, the bracketed ratio in Eq. (8) can provide
an enhancement if one of ten?|,, becomes small

compared to its vacuum value, i.e., near a resonance.

The first resonance is encountered when
__ dm3,|vcos By, _ IR
v — —_— il
2v2GEN, !
for which

€)

2 ~ £ 2 ; v 2 ~ 81172

V’
(10)
and the bracketed expression in Eq. (8) becomes

1

—_— 11
sin 2y, (11)
The second resonance occurs when
_ Smi,lvcosdy,
po —2 92 = iR (12)
2V2G N,
for which

2 ~ 2 ; \Y 2 ~ 2
8m32|m ~ 8m32|vsm %5, and 8m21|m >~ ém3,

v
(13)
and the bracketed expression in Eq. (8) becomes

2
728'"2%'“ . (14)
Sm3,ly sin 3,

To illustrate how matter affects the Jarlskog fac-
tor, Jm, we have chosen representative values for both
the earth’s density and the neutrino vacuum parame-
ters: a matter density typical of the earth’'s mantle
(~ 3 gcnm3) and neutrino masses and mixing which
are centered in the allowed regions for the atmospheric
neutrinos and the large angle MSW solar solution. The
chosen vacuum values are

sm3,|, =35x 102 eV2,  sinf20y,=1,
sm3,|,=5.0x 107> eV?, sirf20y, =0.8,
sm3,|,=35x 103 eV?,  sirf 20y, = 0.03,
sing¥ =1,

Y.p=15gcnTs. (15)

The CP- and T-violating angl§’ has been chosen to
be maximal,7/2. The value of sifi26¥, is chosen
to be half an order of magnitude below the Chooz
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limit [3]. Using these parameter values, the matter
mass-eigenvalues and the ratig/Jy, equal to the
bracketed ratio of Eq. (8), is given in Fig. 1. Note
that away from the resonancesy/Jy is much less
than one, suggesting that matter effects suppress the
amplitude of the T-violating oscillation. In contrast,
there are peaks in the rati,/ Jy near the resonances.

In principle, the peaks i/ Jy at the resonances
become significant enhancemenis1, when either

sinXy; < 1,

2
8m21|v

2
32

holds. (Neither of these conditions is satisfied in our
representative example.) However, if either of these
conditions holds, then the vacuum Jarlskog fackpr

of Eq. (5) is itself very small. The message here is that
the Jarlskog factor can be strongly enhanced by matter,
as in [7], only when the vacuum value is very small
to begin with; the enhancement never produces a large
value of /. A quantitative view of the impossibility of
matter to produce a truly large amplitude results when
the explicit expression fayy in Eq. (5) is substituted
into Eq. (8). The resultis

or sindY < $0(107?), (16)

dm3,lv

Py =2 cog¥, sin(s")

d

x SiNAZ; sinA%,sinAg).

[(sin 29218m%l) (sin 29325m§2)(5in 29318m§1)]v

}

(17)

[Smglc?m%ZSm%l]m

As seen from Egs. (10) and (13), at either resonance
the bracketed factor in this equation does not become
large. What the resonance manages to do is to cancel
the small vacuum value of si®2, or sin®y, in the
amplitude (16Jy) of the T-violating oscillation. But
accompanying even this cancellation is a negative
consequence for the associated oscillation lengths, to
which we now turn.

3. Basdinelimitations

A significant enhancement of T-violating oscillation
amplitudes requires a small-angle resonance. The
conditions for this are either

Sm3|, K Sm5y|, or SmB,| . < Sm5y,. (18)
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Fig. 1. Shown are (a) the neutrino mass-squared eigenvalues in matter and (b) theyaljo for the parameters listed in Eqg. (15), as a

function of the neutrino energy. Positive energies correspond to neutrinos, and negative energies correspond to anti-neutrinos (vice versa for

invertedsm?'s).

These conditions in turn imply that the oscillation
length in matter associated with the smalléat is
larger than the largest oscillation length in vacuum,
the one associated with the smallest vacuun, i.e.,

which is maximized an™ = (2n + 1) Z. The choice

n = 0 minimizes the source-detector distance, and
therefore optimizes the incident flux. So we are led to
considerA™ = 7 /4 as the condition which maximizes

8m§1|v. Thus, there is the danger that for an enhanced the size of the T-violating asymmetry. The correspond-

amplitude, the baseline requirement will exceed the
capability of a terrestrial experiment. In fact, this
happens.

Assuming hierarchical mass splittings, the fast os-
cillation governed by the larger

6m_%_L
AR =ma{ Az, A%y] = —-—
vV

will be amplitude modulated by the slow oscillation,
governed by

(19)

Sm2L

4E,

The consequence is that the T-violating oscillation is
bounded above by sim™) co (A™/2), and below

by —sin(A™)sir? (A™/2). An idealized experiment
would resolve the fast oscillation and measure the dif-
ference of the bounding envelopes. This difference is
just sinA™), which is maximized at2n + 1)z /2.
However, a realistic measurement will average over

AN = min[Ag“l, A:TZ] = (20)

ing distanceL,z], is given by

nE,
2

L=

. (21)

which at the first or second resonance (Eqgs. (9)
and (10), or (12) and (13)) becomes

0.2D 0.2D
=y — (22)
tan 2, tan 3,
when the conversion
T
——=02D (23)
2V2GFN, ®

is used to relate the matter scale to the Earth’s
diameter, Dg, ~ 13000 km. This latter conversion

holds for the mantle density given in Eq. (16) —
the matter density is a factor of 2 larger (smaller)
in the earth’s core (outer crust). For a significant
amplitude enhancement to occur the correspongéling

is necessarily small. Therefore it follows that when
Jm > My, thenLan approaches or exceeds the diameter

the fast oscillation, thereby measuring the mean of the of the earth. This in turn ensures that for terrestrial

envelopes given by sin2a™),

experiments withl. < L#, the resonaném? is such
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that sinA™ ~ A™ « 1 and thatPnZ is of the same  with the size of the asymmetry at the first peak being
order asPVI, i.e., no large enhancement.

)
~87mly m§1|v (27)
8m32|v
4. Magnitude of thefirst peaks So even the first peak is reasonably approximated by

the general results above.

Two arguments may be made for the importance In matter, the physics is more complex since the
of the very first, or first few, peaks as the target for sm?'s change with energy. We start by looking at the
measurement. The first argumentis that the T-violating product of the three sine terms
oscillation length in the earth, as discussed above, is _ )
characteristically of order of the earth’s diameter or sin(AT) sin(A]) sin(AT + AT). (28)

limited to the first few peaks. The second argument

is that the ¥L? fall-off of the incident neutrino flux — Am 4 Am m if AT« AT, (29)
for any aperture-limited experiment favors shorter o2 -
distances? and at
In vacuum, the first few peaks in the T-violating o
asymmetry given by Eq. (3) occur when AT+ AT = = AT = AR (30)
sm3 v Interms of(A™ 4+ AT, the first peak moves monoton-

H 4 H v H Vo~ v H 4

smly ically from ~ 77 /12 to 2r/3 as the ratio oA™ to AT

] o . _ changes from 0 to 1. At the first peak this product of
is maximized. The rough location of these peaks is the sines may be written as

given by
. . 2AMAT 25m28m? 31)
5@ D2 @4)  "Tam+a™2 T T sm? ysm2 )2

v M3alv

wheren is slowly varying, monotonically increasing,
function of A™/AT = sm? /ém2 with n(0) ~ 0.86
andn (1) = 3v/3/4~1.30.

Thus the full T-violating asymmetry, Eq. (8), at the

sm3,lv first peak is
2Ly (25)
M3alv

forn=0,1,2,... until the approximation sip}, ~
_A‘él is no longer valid. The asymmetry at thth peak
is equal to

@2n+1)8rJy

2 $m2.Sm2
P =327n [ (5m215m325m31)|V]'

(8m? + 8m?)3

For energies between the two resonances, Egs. (9)
and (12), the following sum-rule holds

Thus the asymmetry and the distance toitie peak (32)

both grow as 2+1. In particular the second peak is
three times larger than the first peak and three times
further out. Remember however that the neutrino beam
intensity falls asL=2 for fixed E,, disfavoring the Sm2 _}_(gmi) ~ Sm3,ly, (33)
more distant peaks. ) o o o

For the first peak, a numerical calculation produces S evidencedin ':2'9- 1(a). -\l;h's I5a QSOd gpprsmmatlon
an estimate more accurate than Egs. (24) and (25); theProvided bothsms, |y sin 293, anddms,|y sin 23, are

result is much smallerl thadm3,|y.

77 L 7r 1 Below the first resonance and above the second res-
A~ =, e, S~ ———, (26) onance,(8m?2 + §m2) grows approximately linearly

12 E, 3 smd,ly

with energy from the minimum valuém§2|v. Since
the functionn varies little it cannot compensate for

2 When sifa™) ~ A™ applies, one power of ~1 is compen- the incre'ase in size abm? + 5”11) for energies be-
sated. low the first resonance or above the second resonance.
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Fig. 2. Using the parameters given in Eqg. (15); shown are (a) the ratio of the value of the asymmetry at the first peak in matter over vacuum
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as function of the neutrino energy — for neutrinos the ratio peaks at half the second resonant energy. (b) the agymuesys distance

for neutrinos and anti-neutrinos in matter and in vacuum for an energy (7.6 GeV) equal to half of the second resonant value, as specified in

Eq. (36).

Therefore, the maximum value of the first peak of the Note that this distance is independentsef?|,. The
T-violating asymmetry occurs between the resonancesvalue of the T-violating asymmetry at this peak is

wheren is maximized, i.e.,

1
sm? = (Smi ~ E(Smgz . (34)
\"

This is shown in Fig. 2(a) where the ratio of the

S 2
2435, 27220 (38)
(Sm32|v

The matter asymmetry at this peak is 52% larger

asymmetry in matter and in vacuum at their respective than the asymmetry at the first peak in vacuum, given

first peaks, is plotted versus energy. (The vacuum in Eq. (27). From Fig. 1(b) we see that, for our chosen

value of the first peak is energy independent, Eq. (27).) parameters, matter effects At = 7.6 GeV actually
The neutrino energy for the maximum first peak in suppress/ by more than an order of magnitude

matter is given by (recall Eq. (12))

1 Sm2,|y cos DY

E, ~ Lp2r _ OMaplvCOS Ty (35)
2 4/2G N,
sm v
’V7.6COSEV ¢i|
31[3.5 x 10-3 eV?
15¢g cm‘3}

x | 222 | GeV, 36
[ v (36)

and the peak occurs at a distance fixedfy= A" =
/3, 1.e.,

8t E, 4m cosdy
~ 3mdly 3 2J2GrN,
1.5gcnt3
~ 3600 coS agl[gi} km (37)

which is more than compensated by an increase in the
product of sines due to matter. But at this energylithe
value for the first peak in matter exceeds the same in
vacuum by 14%.

In Fig. 2(b) we show the repeating (ih) peaks
for the T-violating asymmetry with the energy fixed at
one half the second resonant value for both neutrinos
and anti-neutrinos in matter and vacuum. For neutrinos
this energy gives the largest first peak in matter and
all subsequent peaks have the same magnitude but
alternate in sign.

To go beyond the first peak in the asymmetry is
quite complicated. For the second peak, the general
features are that matter effects, if important, suppress
the magnitude of the asymmetry compared to vacuum
values; also, these effects can flip the sign of the asym-
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metry compared to the first peak. There are two situ- Away from the resonant energies the second and
ations which allow a simple complete analysis. The higher peaks in the T-violating probability are gen-
first situation results when the neutrino energy is cho- erally suppressed compared to their growing vacuum
sen so there is a substantial mass hierarchy (i.e., nearcounter parts. For neutrinos with energies higher than
one of the resonant energies). The size and positionthe higher resonant energy and for anti-neutrinos of
of the peaks in this situation closely follow the vac- all energies the first peak in matter is suppressed com-
uum case discussed earlier, see Eqgs. (24)—(27). For thepared to the corresponding peak in vacuum. Thus the
neutrino parameters used in this paper, this situation optimum selectable parameters for the observation of
occurs only at low neutrino energy 3 GeV or if 6y, T-violation are a neutrino energy midway between the
is small nearE, = E2R ~ 15 GeV. However, at the ~ resonance energies and a travel lengtk-8600 km.
higher-energy resonance, only that part of the beam Application of these ideas to the experimentally
which is within a few GeV of the resonance energy, more accessible CP-violation using neutrino factory
so as to maintain the extrende:?|, hierarchy, con-  beams is under investigation.

tributes to an unsuppressed asymmetry. The second

situation results when the neutrino energy and travel

length are such that the product of the three sines is Acknowledgement

at its maximize value. This case is solved in gener-
ality in Appendix A and is relevant for case when
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5. Summary and conclusions

Even though matter effects can significantly en-
hance the Jarlskog factor in cases where the vacuum
value is small, this enhancement does not lead to large
enhancements of the T-violating probabilities for ter-
restrial experiments. The reason for this is that associ-
ated with this enhancement of the Jarlskog factor is an
increase in the longest oscillation length so that forthe N this appendix we derive the energy, distance,
neutrino parameters suggested by current experimentsand peak height associated with each maximum prod-
with small vacuum Jarlskog factor, the enhancement Uct sifAT) sin(AT) sin(AT! + AT). Above~ 2 GeV,
occurs for distances beyond the earth’s diameter. safely away from the lowest-energy resonance, the

However we have shown that the first peak in the Prefactor/m/Jy, exhibited in Fig. 1(b), is a relatively
T-violating probability can be enhanced in matter as Slowly-varying function of E. Thus, we expect the
a result of an enhancement of the oscillating factors, conditions for the peaks in the asymmetry to be well-
which more than compensates for the suppression of @Pproximated by the conditions for the maxima in the
the Jarlskog factor. This first peak is experimentally Product of sines. The error inherent in this approxi-
the most accessible. The enhancement of the first mation is almost certainly less than the observational
peak occurs for neutrino energies between the two error in the neutrino energy inferred from the charged-
resonant energies and has a broad maximum midwayCurrent measurement.
between these two resonant energies that is 50% The largestvalue of the product sitf™) sin(AT) x
larger than the first peak in vacuum. The enhanced sin(A™ + AT is (+/3/2)2 when the energy of the
first peak occurs for a neutrino travel distance of neutrinos and the detector distanteare such that
2 00829§’1/3x/§GFNe whichis~3600 km. Notethat  two conditions on the phases of the slow and fast
this distance depends only on the density of the earth oscillations are met. The conditions are
and not on the parameters of the neutrinos (assuming T

cos @y, ~ 1). Ay = 3" (39)

Appendix A. Solutionsfor maximum peaks
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where depends on energy but not distance. One may ask what
energy optimizes the peak heights. The prefadtpr

n-and np=1(mod3 or 2(mod3.  (40) s maximized whersm?2 /sm? is maximized. From

andn, > n_ by definition. One of the conditions in  Egs. (41) and (33), one finds

Eqg. (39) may be replaced by an equivalent commensu-

2 nx 2
rability condition, dmZ = m(smsﬂw (46)
A™ sm? n_ which, when inserted into Eq. (7), yields

—_—_— == 41

AT b = (41)
With two variables £ and L) under experimental

control, two independent conditions of Eqgs. (39)—(41) _

can always be satisfied by a designer experiment, and so the heights of the asymmetry peaks are

in principle. The commensurability condition (41) is

Jm _ (g +n)8mEly

nen— - Smly’

(ny +n_)?m3yly

satisfied by the choice of neutrino energy. Reference to 6+/3 5. 47
Fig. 1(a) reveals that foE between the two resonant nyn— - dmzplv
energies, a linear relation holds: In terms of E, given in Eq. (42), these asymmetry
. SmfF . @) heights are
~ R> 2 2
6m§2|\, 63 L dmsqlv 48)
where here and in what follows the holds for E(ERr — E) m3,|y
E s 5Eg. This equation leads to the desired con- ag £ approaches the low-energy resonant value near
straint on the requisite energy: zero or the high-energy resonant valfig, the as-
A$ ne sumption that thém?'s vary linearly with energy fails
= = Eg. 43 invali
Ay AT IR T ER (43) and our formulae here become invalid.
The requisite length is obtained froth = 4EA .
/ém?.. Substituting forE from Eq. (42) and forAT References
from Eqg. (39), one gets
A7 Epg [1] Z. Maki, M. Nakagawa, S. Sakata, Prog. Theor. Phys. 28
=55 N . (44) (1962) 870.
3 3m32|v [2] Reviewed by H. Sobel (SuperK Collaboration), at Neutrino
; i ; Ao 2000, Sudbury, Canada, June 2000.
. To Summanze.these .re.SUItS’ the T-violating _OSCIlla [3] CHOOZ Collaboration, M. Apollonio et al., Phys. Lett. B 420
tion asymmetry is maximized when the neutrino en- (1998) 397.
ergy satisfies Eq. (43), and the length satisfies Eq. (44). [4] Reviewed by Y. Suzuki (Superk Collaboration), at Neutrino
At fixed optimizing energyE, i.e., fixedny/n_, 2000, Sudbury, Canada, June 2000.

Eq. (44) predicts recurring peaks at distances related [3] L. Wolfenstein, P*llys- Rev. D 17 (19h7|?) 2369; A )
: - V. Barger, S. Pakavasa, R.J.N. Phillips, K. Whisnant, Phys.
to the distance to the first peak Rev. D 22 (1980) 2718:
47  Eg T.K. Kuo, J. Pantaleone, Rev. Mod. Phys. 61 (1989) 937;
1 =

? Sm2 | H.W. Zaglauer, K.H. Schwarzer, Z. Phys. C 40 (1988) 273;
32V P. Krastev, Nuovo Cimento A 103 (1990) 361;
15¢g cnt3 R.H. Bernstein, S.J. Parke, Phys. Rev. D 44 (1991) 2069.
~ 3600 cos 231 |: :| k (45) [6] Recently many authors have revised aspects of matter-effects
Yep on three-neutrino oscillations in proposed long and medium
by L=1L1x ns, with nx any positive integer allowed baseline experiments. See, e.g., J. Arafune, M. Koike, J. Sato,
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