Physics of the D=5
Chern-Simons Term
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l. QED in D=5

(a) Photons propagate in bulk; Naturalness, m, << 1/R, requires
chiral delocalization; Wilson-line mass term

(b) Chiral delocalization requires a Chern-Simons term

(C) Anomaly-freedom implies quantized coefficient of CS term;
“consistent anomalies” vs. “covariant anomalies”

(d) Chern-Simons term implies new interactions amongst
bulk KK-mode photons, effective D=4 interaction,

(i) Use “Wilson-Line Gauge Transformation” to A; = 0

(ii) Large m, limit -> Fermionic Dirac determinant modifies
effective interaction; maintains gauge invariance

(iii) Compute K’ -> K + gamma via effective interaction



Il. Yang-Mills in D=5

(a) “quarks” on branes; gauge theory of flavor
compactify with A; zero-mode -> mesons f; = 1/R;
Wilson line mass term <-> chiral condensate

(b) Chiral delocalization requires a Chern-Simons term;
anomaly matching, quantization

(C) Chern-Simons term implies bulk and
holographic interactions amongst KK-modes
effective D=4 interaction,

(d) Large m, limit -> Fermionic Dirac determinant modifies
effective interaction; maintains gauge invariance

(e) Obtain effective interaction: holographic part is
the full Wess-Zumino-Witten term.
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QED Chern-Simons term

D=3: Knot Theory <—=> “Gauss’ Linking Theorem”
LCS = e,-jkA‘BjA"

Bulk Physics: Photon Mass Term

Deser, Jackiw, Templeton, Schonfeld,
Siegel; Niemi, Semenoff, Y.S. Wu

D=5: Les = eapcppA*toP AC9P AP

Bulk Physics: New interactions amongst KK-modes



Topological object: “instantonic soliton”

Deser’'s Theorem
Ramond and CTH

Associated Conserved Topological Currents:

Singlet: Ja = eapcpp Tr(GPCGPY)

Adjoint: J4 = €ABCDE Tr()\ {G"Y,G""Y})

These currents come from a “completion” of the Lagrangian
Adjoint current - 2"d Chern character:

3% 3
CGABCDE Tr(AABBACBDAE — —ZAAABAC(?DAE — —AAABAcADAE)

Singlet currents - auxiliary characters:

C’GABCDEVA TI‘(GBCGDE)



The topology of the D=5 pure Yang Mills theory can be
directly matched to the D=4

Chiral Lagrangian theory obtainable via deconstruction
Bianchi ID’s, etc.. CTH, CTH & Zachos

Mathematically exact matchings:

Instantonic Soliton <—=> Skyrmion

Gauge currents <—=> Chiral currents

Chern-Simons term

<> WZW term
+ boundary term



Bulk:

Dy, =9,
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Technically natural QED in D=5:

L — ——FABFAB

DR#‘ = 8# — 'iA,_l_(IlT

Orbifold

_ R
mip(x,, 0)Wig(x,, R) + h.c. W = exp(i / — As(z,, x5)da”)
0



Orbifold Boundary Conditions:

(a) Horava-Witten
(b) Magnetic Josephson Junction

Spectrum: (a) A, zero mode and KK tower
(b) No A; zero mode
(c) All A; modes eaten -> longitudinal dof's

Flipped Orbifold Boundary Conditions:

(a) parity reversed Horava-Witten
(b) Josephson Junction

Spectrum: (a) A, zero mode
(b) No A, zero mode
(c) All other A, modes eaten -> longitudinal dof's



Gauge transformation in D=5:

AA (:U/,u 3/) — AA (:B/,u y) + aAe(x/,u y)

Up(z,) — exp(i0(0,2,))p(z,) vp(z,) — exp(i@(R,z,))Ur(z,)

Sbranes — Sbranes + /d4$ ELA/#aﬂeu”L(le' O) +/ d4x ER’\/‘I—lvaﬂle(:p#a R)
I 11

— Sbrcmes - /d4$ 9(37/,1., O)ayjz — / d4$ 9(.’17,_,,, R)dﬂJg
I I

F#(0)E, (0) T = —— Pr(R)E(R)
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ﬁ Consistent Anomalies ﬁ



QED in D=5 requires Chern-Simons term:

v ¥ C J
Los = ¢ e*BOPE A Op AcdpAp = _,—1€ABCDEAAFBCFDE

E r

5 ABCDE : :
Scs :/d{r CE€ A 0 AcOpAg

< >

Scs — SCS+§ / d*z O(R) P F,, Foo(R) — % / d*z 0(0) 7 F,, F 0 (0) .
* JIT * )T



Anomaly Cancellation Condition:

Sbrane.s — Sbranes +
T

Ses — Ses -3 / @' 6(,, 0)F* Fu + 5 / &z 8(x,, R)F*E,,
I II

Consistent Anomalies: c

N

24

1 [ ~ 1 . ~
g /I d*z 6(z,, 0)F* F(0) — / d*z 6(z,, R)F*F,,(R)



Summary of Anomalies: W. A. Bardeen, PR 184, 1848 (199)

Consistent Anomalies: Consistent L=V — A and R =V 4+ A Forms:

(1) Pure Massless Weyl Spinors (p; - p; >> m?):

_ 1 v
6“ h"“.’;t d"L = 48 ﬂ' FL;M/ F““ dﬂ'z' 'l" ?”' = 12 2 F" I“"FW
oA , 1 o _’,M . 5 fy — Y PR
(y‘ u"’}‘ﬂﬁ"}? = 4 8 2 F R[.LV F R dltf .'ﬂ’} v = 2 4 2 (F‘f’_“, F{ﬁ. + FA[JJ’ FJQH )
eavy assive v "'ey b pinors PPy << m-)
2) Heavy Massive Weyl S i - ; :
an= , . = = , 1 v T p 1 — fia’
(yl'uy\f#u_,\l‘ + z‘nl( u"Lu"R _— ﬁ/‘R zr'-')L) —_ 48 Z FL’“/F‘#' dlh,"}”u‘ = 1271—2 FA”
an , . I - 1 7 a7 y .« T y 1 s L
FUpyudr +im(Ypdn — Ypr) = s —— Fru F F Py — 2ty = 247(&;,,,, FY' 4 Fa FYYY)
AT | 1 Ll AT dl_-. r afy — 1 F FI”’
d“u."",p'lp[, = @(FLM,F% + FR#,,P'% ) h’}pzﬁ - 1272 Vi
AT r 1 s i P A y L
OYyrir = — = (FrwFr’ + FrwF") F ey = _W(F v Fy)

‘i?'llg’}'sﬁ') — — [FL;“/F‘”V + FR’"’FR + FL;“/.F‘F'V]
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Anomalies (cont'd): [HEP-TH 0601155]

Covariant Forms:

Add a term to the lagrangian of the form (1/67%)e,, ,,A*VY& V. The currents are now

modified to J = J + d8J and J® = J5 + 4.J°

CSS’ 1 | 2 o TV ; o
5‘/;‘ = 6JP == —w GWPOA *V - @ew,pa‘/ dPA
dS’ 1
= §J% = "¢, ,VVOPV°
0A, G2 1P
(1) Pure Massless Weyl Spinors (p; - p; >> m?):
#J, =0
‘ T 1 T 1 Ll
duJ: = W(FVWF# + gFAm/Fg )
(2) Heavy Massive Weyl Spinors (p; - p; << m?):
Byju =0 6*‘@, =0
e T P , 1 - 1 = .
d“Jz — 2imy Y = W(Fvy,,F{f" + §FAqu§V) 6“.]2 =0



Summary: Technically natural QED in D=5

. 1
BUIk Dy = 04 —1A4, Fap =1[Da,Dpgl, Ly = —@FABFAB

d*z 0, iD i -
»/I Yrild) pvr . d*x VY pil) g

Dpy = 0y — tAu(2y, 0) Orbifold Dry = 3, — iAu(z,, R)

24 w4

H H

map (2, 0)Wpr(z,, R) + h.c.

SC'S = /(1517 1 - EABCDEAA@BAC(")DAE

R
W = exp(i / As(z,, 25)d2”)
0



Pass to A; =0 Gauge

3¢ Lupe vpo |
Les = I e ASFW/FPO + ¢ P (dSA#)AuFPa

Consider a Wilson line that emanates from, e.g., brane I, z° = 0, toward an arbitrary

point in the bulk, z° = y:

y
Uly) = exp (z/ dmsAs(x5)> O,U = iAs(y)U

0

Using the Wilson line as a gauge transformation, we have:

Y
Ag — Aa+iUT0aU Ay — As(y) +iUT8,U = As(w) — 8, / dz’ As(z°) = 0
0
Yy
B, =4, — 8#/ Asdz®; Fpuw = 0,B, — 8,B,.
0

R
SCS - wa,po’/dAI‘/ dy (apr)BuFBpa.
0

B, field will lead to gauge mvariant

( “Stueckelberg” ) combinations for each massive KK-mode in the compactified theory



The orbifold mode expansion

Al(z,) = \/%ZAz(x)

Au(z,y) = Z(—l)"ﬁzcos(my/R)A:;(x)

As(z,y) = Z( 1)"“\[ esin(nmy/R) A3 (x)
- ! d d*z E,, F* = ! d*z F" F™
_? Yy I Ly = _ZZ I v
52 252/ dy/d x Fs F*° = —z \IZ/dda: B;B™

n 1 n 1' - mn
M, = nr/R; B; = A} + A —0, A% ; Fy, =06,B; —-90,B;.

“Stueckelberg fields.”

e=¢/VR=e e =V2%/VR=\V2e=¢e, (n#0)



1 R Voo
Sos = 247?2/; dy/ddxe“ #(0,B,)B,F,,
— 1 - 4 n m kv
= o3 nz ‘/d T (enemer )Cnmi (B, B F™)

1
Crmk = (—1)(k+"+m)/ dz 8, [cos(nmz)] cos(mnz) cos(krz)
0

B n?(k% 4+ m? — n?) [(—1)k+n+m) _ 1]
C (n+m4kn+m—k)n—k—m)n—m+k)
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Camd = Cnom = —

[(_ 1)n+m . 1]

n? —m?2

Conm = Cooo = 0

Cupon = [1 — (—l)n] .



D=4 Effective Theory

1

4 (i _ 5 A n pm ks
Stan = /d x [ Ved +V + A" —m)y + on2 ;M Camk B, By F™
—LFO Fowv _ 1 F F™ 4 1 ’\JzB"’BM]
1t = g L ELE™ + ) 55 MiB
n>1 1 n

V;‘ = Z Bn’ A,_,:ZB:
n odd

o even

if we truncate the theory on the zero mode B” and first KK-mode, B!,

1
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D=4 Effective Theory Current Algebra

- 65 o — y g
J : = 3 B = 'l,l‘”{pzf:‘ln even -I- u"’}'y"."su"ln odd + JZ oS
€ /. :
J::,fs — 1‘; p;’ z [(Cr.mk — Cmnk + Chkmn — Cm.kn)Bml deLa]
T mk
: A 1 ntm+k m ks ) g 1 m vk
a#']; = 4872 Z (1 - (_1) ! +‘) FP”FA’” 0“‘];. g 4872 Z(Cnmk — Crnk + Cnkm — Cknm)Fqukw
mk mk
PR s 1 ——
KK-mode anomalies: P = 5= D dumkFpu
’ m.k
1 n+m-+k
dnmk — 5 [(1 - (_1) ) =+ (Cnmk — Crnk = Cnkm — cknm)]
_ 3 [( 1)n+m+k 1] 77“2(132 + ‘7722 _ 77’2)
2 (k+m—n)(k+m+n)(k+n—m)(k—m—n)
3
— §Cnmk <:|
P 5 1 ~kl‘"’ ~kpll _ 1 F ﬁpu 1 F ﬁ;l,l/
Comk =0 0"J, = 162 (CIUOF'y wE,"™ + e FpuFg ) = gz ivwty T o fewfp



D=4 Effective Theory in large m limit

1 - n pm kpy 1 v n pnp npn
Stree = / Az (55D Tk By B F b " - ,ZZF P4y 3 MZB B™]

nmk n>1 n=0

Integrate out the Fermions:
Dirac Determinant effective interactions

(N k= AN € g~
k+1 -1
gap-.- | I Sap-b [
=4 N ¢ k-1
“q- AN P =



Dirac Determinant effective interaction:

1
 12m2

O3 = Gt Z(enemek)ankaZ Bd,B}
nmk

Apmk = %(1 — (—1)"’+m+*)(_1)m+k

This operator is equivalent to (—1/67% )€ ppe A“VV PV



Dirac Determinant effective interaction
equivalent To Bardeen’'s counterterm:
consistent -> covariant

——> Full Effective Theory
Crmk = Cnmk — Anmbk (massive spinors)

+ _(_1)m+k
(n+m+kjn+m—Fk)n—k—m)(n—m+£k) 2

2( 1.2 2 .2 1
Coe = [(=1)FHmm) _ 1] ( n2(k? + m? — n?) )

Lo N



Compute KK-Mode decay Py

a b
p—-'
Feynman rule for a vertex pa _, pby pe.
\q
ee'?
Tes = —15 [(—Zate + Thac + Tooa — Ceba)[B] + (Tach — Teab + Choa — Toba)[A]]
[4] = e”"poeael,EZL" [B] = ¢4 eZebe';q
A. Decay of KK-mode to KK-mode plus ~ ¢ = photon
ee'?
Tes = ~19.2 [(—Zato + Cbao + Tooa — Toba)[B] + (Zaos — Toab + Tooa — Toba ) [A]]
E’-E’-,z Asz 1 b
= —=((-1)"=1) ) (B]. ' lant i
5 (Maz gy 2(( ) )) [B] Gauge invariant in photon



33 \ MP?
’ M? >> M?
207
Tt = o5 M,
' T J
Tt v — 207 \ g AM = M, — M, << M,
== 3m3

a(O)a’z(f\[a)( M, )

a(O)a’z(ﬂJa)( M, )
68\ R2A2

Pty = 673 R2M?

I‘1-—-1+A,' —

B. Zero Mode + Zero Mode — KK-Mode Vanishes

2
ee'

1272

Tes = [( —Ta00 + Coao + Cooa — Cooa )[B] + (Cano — Coan + Cooa — 5000)[‘4]]

=0 gauge invariance (Landau-Yang theorem)



Yang-Mills gauge theory of quark flavor in D=5:

Bulk: Dy= 6A — 1B,

B, = B3T",

Gap =i[D4, Dp| = 84Bp — 0B, — i[B4, Bg.

40T ST o
[ Tip . 17
I

DL 8# - 'irB”(l‘F, 0)

p =

(2, 0)W(ay, R) + hc.

R

VE / d'v ppil) pr
I

Dpg

o =8, —iB,(z,, R)

R
W = Pexp (—‘i/ d:l:ng,) = exp(2i7/ f;)
0

Generic compactification; include B; zero-mode ﬁ



Derivation of the full Wess-Zumino-Witten term
directly from the Yang-Mills theory

Chern—Simons Term

(I) (anomaly flux) (II)

v

= == == =m » @ -=«— Anomalies cancel
triangle and box diagrams

.< == =m == =@ -=— Boundary Term
(anomaly return flux)




Theory Requires Chern-Simons Term:

. . 3 . 3
Les = e PP Tr(A40p AcOpAp — S AaApAcOpAp — AxApAcApAp)

c . 2
- Ze“‘BCDE Tr(A G peGpp + 1A ApAcGpE — gAAABACADAE) .

Gauge transformation: Ag— V(Aa+104)VT  where: V= exp(i8°T*)

; R
§Scs = ceP7 0" Te[T*(8, Ay 0, Ay — %(6,,A,,A,,A,, — A8, A A, + A AG,AL)]

0

Consistent Anomaly; To cancel N
against fermion anomalies: 242




Transforming to Axial Gauge, Bs — 0

y - _
V(a",y) = Pexp (—'i/ dz” Bg(:l?"’;l?"))
0
7r'".‘£ - -z.‘-",.'L’ l",R — V'( R) Qr"i’R

B,(z".y) = V(B, +i9,)V' Bs(2*,y) = V(Bs +i0,)Vt =0
V) + B =0(id + By G Wiyr=9d'r W= VOWVIR) =1

B is now a tower of vector mesons comingled
with the spin-0 mesons; must extract the physical mesons:

~

Redefinition: Bp(;zr", y) = 5’(y)(A,,(1r“,-y) + -za,,)::?r‘r(y) U = exp(2i7y/ fr)



Compactification Decomposition of Chern-Simons Term:

3i 3
SCS = C/ds;lf GABCDE Tr (BAdBBcdDBE — éBABBBCaDBE — —BABBB(_"BDBE))

—T1 /d4 / ds B, )K" + ;EW’” Tl'(BSGwGpa)]?

K* = e (iB,B,By + Gy ,Bs + B,G ).

_ CTH and Zachos
> Axial Gauge:

R . - e - - - - -
Spg = gepupa / T / dy Tr [9,B, (iB,B,B, + G(B),,Bs + B,G(B) 0 )]
0

’ R -~ -~ - - - -
_ % Tr / d*z / dy (8,B)(2dBB + 2BdB — 3iB%)
0

Form notation: G(B) =2dB — 2iB2.



Integrate out the Fermions:
Dirac Determinant effective interactions

YN b -
k+1

sap-. 1 l + LI

I-
TN g

Dirac Determinant effective interaction
|s the Bardeen Counterterm as in QED:

C 1 - - ~ 1 - - -
Sboundary = _§/T1(§(GRBR + BRGR)BL - §(GLBL + BLGL)BR
)

+iBYBy, — iB}Br — 5(BrByL)’)

“Boundary term”



Notation: Bﬂ = A# — iy, ./ﬁi# = Z:’A,,l}f

AL# = Apu = Au(2",0) Ap, =UA,(z", R)UT
ap =-Ud,U" 5, =U0,U=UlaU U =exp(2ty/fn)

c , » R
Ses =5 Tr [ d'e dy [-i(9,0) + (,4)
x(2dAA — 2i0* A — 2idAa — 40° + 2AdA — 2iAa’® — 2iadA
—3iA% — 3aA? —34aA — 3A%0 + 3ia* A + 3iaAa + 3iAa? + 30°)

Shoundary E= % / Tr[(dALAL + ALdAL) UARUT — (dARAR + ArdAr)UTALU
—i(dA AL + ApdA)a — Aja — Apa® + i ARUTALU —iAJUARUT
—i(dARdUTALU — dALdUARUYY — (ARUTALUARB + ALUARUALa)

+%ALCIALQ' + %UARUTALUARUTAL — 'Z'(ALUARUTQ‘z — ARUTALU,B.Z)]



We first isolate the term:

Seso = i Tr [ (9,0)0°

S TTITT 2?’ T 1 ~TT Qly ~ 2y2 - -
C)y(l = (9yL' dL’T = Rf,‘,r U dﬂ'L‘t Yy = ﬁdt —_ —1_3[77, dﬂ'] + ...
Soso = ——oe / d'z dyy" Tr(7drd7drds) +
cso — 37f2f7‘? - rayy TamamTana
2N /d4 Tr(7drdrdrds) +
= — — S ArimararanTaTn
1572 f>



S o3d = —-ig Tr /(8ya)(—2id/1a — 2iadA — 2ia’A — 2iAa? + 3i(a?A + aAa + Aa?))

~5Tr [(0,A)0 (42)

Note that, upon integrating in D = 4 by parts:
Tr / (9,0)(dAa + adA) = 2 Tr / (8,0)(aAa)
Thus, we can immediately write:
Spgoaq = —ig Tt / (8,0) (102 A + ida? — iaAa) — gTr / dizdy(9,4)]0?]

. 1 Q ~
= % Tr / (14117/ dy a3/(0"3"4)
. 0

If we now explicitly perform this integral we obtain:
Scsati = —§T1-(AR,13 )
where use has been made Tr(a®Ag) = Tr(a*UARUY) = Tr(UTa*UAR) = Tr(PAR) =
— Tr(Ag3?*). We see the operational parity asymmetry of our gauge tranformation leads to
the absence of a corresponding parity conjugate term, — Tr(Aza?). As mentioned above,

this term will come from the boundary term, and the overall final result will be parity

symmetric.



Swzw = Scso +

Obtain the full Wess-Zumino-Witten Term

S = Scs + Shoundary = SW2zZW + Shulk

42;2 Tl‘/d4:l?[— (ALQ‘3 + AR.I33) — (A%a - A%J)

_i((dALAL + ApdAL)a + dARAR + ApdAR)S) + %[(ALQ)'Z — (ARB)Y
—i(AJUARUT — ARUTALU)

+(dAL AL + ApdAUARUT — (dAgAR + ApdAg)UTALU
—i(dARdUTALU — dALdUARUT) — (ALUARUYApa + ARUTALU AR3)

+%UARUfAL UARU'Ap — i(ALUARU a® — ARUTALU )]

in complete agreement with Kaymakcalan, Rajeev and Schechter

Effective brane (holographic) interaction



Normal Derivation of WZW term:

promote full theory of mesons to D=5.

In D=5, a certain manifestly chirally invariant and
topologically interesting Chern-Simons term occurs,
which is included into the theory.

Compactify the fifth dimension with the Chern-Simons
term, back into to D=4, resulting in the Wess-Zumino
term.

Perform gauge transformations upon the resulting object,
and infer how to "“integrate in" the gauge fields by brute
force and some guess work.



+§ T / (9, A)[[7(2dAA + 2AdA — 3iA%) 1]
., 20~ o N F A F At 2 ~
Oy = Eb (dm)U OyA =0, UAU" = Eb ([7, A])U
3c

1 1
Syt = / die / dy Te(7GG) + % / Az / dy Tr(9,A)(2dAA + 2AdA — 3i A%))
0 0

((

2x

Effective bulk interaction



Suppose we don'’t integrate out the quarks?

2i7(y — 1/2))

Parity symmetric redefinition field: U(y) = exp ( 7

B = €A — ;. Bp =¢tALE — jr

chiral currents jp = idet jr = —i&'d¢

S = Scso + Siyzw + Shulk
"‘/1d41’ (i + EALET — ju)n + /” d'z Vp(id + & ARE — jr)UR

, c . . c . . c . . . .
Swzw = D) Tr(Agpjp + ALjz) — 3 Tr(A%jr + Al jL) — i Tr(ArirArir — ALJLALIL)

_'zg Tr[(dARAR + ArdAR)jr + (dALAL + ALdAL)jy] (67

Effective theory with unintegrated massless fermions



Envisioned applications:
(1) Little Higgs Theories.

(2) RS Models
(3) A WZW Term for the Goldstone-Wilczek Current

(4) Skyrme/instanton baryogenesis/b+L violation
In extra dimensional theories
(which is what started this project).

(5) Technical tool to analyze/generalize WZW term structure
(6) Can apply to D=3 YM matching to D=2;
(7) Any D+1 to D.

8) ...



